Dade's Invariant Conjecture for the Ree groups 2F4(q^2) in Defining
  Characteristic by Himstedt, Frank & Huang, Shih-chang
ar
X
iv
:1
00
3.
13
37
v1
  [
ma
th.
RT
]  
5 M
ar 
20
10
DADE’S INVARIANT CONJECTURE FOR THE REE
GROUPS 2F4(q
2) IN DEFINING CHARACTERISTIC
FRANK HIMSTEDT AND SHIH-CHANG HUANG
Abstract. We verify Dade’s invariant conjecture for the simple Ree groups
2F 4(22n+1) for all n > 0 in the defining characteristic, i.e., in characteristic 2.
Together with the results in [3], this completes the proof of Dade’s conjecture
for the simple Ree groups 2F 4(22n+1).
1. Introduction
The representation theory of finite groups received great impetus from several
conjectures linking the representation theory of a finite group G to that of local
subgroups, the normalizers of nontrivial p-subgroups of G. A prominent family
of such conjectures are Dade’s conjectures, published in [9], [10] and [11]. These
conjectures express the number of complex irreducible characters with a fixed defect
in a given p-block of a finite group G as an alternating sum of related values for
p-blocks of certain p-local subgroups.
Dade’s conjectures are closely related to several other local-global conjectures:
Dade’s projective conjecture implies Alperin’s weight conjecture, the McKay con-
jecture and its blockwise version due to Alperin, and one direction of Brauer’s
height-0 conjecture on abelian blocks. For details see [1], [2], [9], [10], [22], [26] and
also [20], [21].
In this paper, we show that Dade’s invariant conjecture is true for the simple Ree
groups 2F 4(2
2n+1), n > 0, in the defining characteristic, i.e., for p = 2. Since the
Ree groups have a trivial Schur multiplier and a cyclic outer automorphism group
for n > 0, our results imply that the most general version of Dade’s conjectures,
the inductive conjecture, is also true for 2F 4(2
2n+1) and p = 2. Together with An’s
results [3] and [4], this completes the proof of Dade’s conjectures for the simple
groups 2F 4(2
2n+1)′ for all n ≥ 0. Note that this also completes the verification of
Uno’s invariant conjecture [29] for these groups in the defining characteristic.
The methods we use are similar to those in [16]. By a corollary to the Borel-
Tits theorem [6], the normalizers of radical 2-chains are the parabolic subgroups
of 2F 4(2
2n+1). Using the character tables of 2F 4(2
2n+1) in the library of the
MAPLE [8] part of CHEVIE [14] and the character tables of the parabolic sub-
groups in [17] and [18], we count characters of the chain normalizers which are
fixed by certain outer automorphisms of the Ree groups and then evaluate the
alternating sums in Dade’s invariant conjecture.
There are some differences between the verification of Dade’s conjecture for the
Ree groups 2F 4(2
2n+1) and for Steinberg’s triality groups 3D4(2
n) in [16]. Firstly,
the parabolic subgroups of 2F 4(2
2n+1) have more types of characters which have to
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be treated separately. And secondly, when calculating the fixed points of outer au-
tomorphisms on the irreducible characters of the parabolic subgroups of 2F 4(2
2n+1)
one has to deal with cyclotomic polynomials over Q(
√
2) instead of Q making gcd-
computations more complicated; see for example Lemma 3.3.
This paper is organized as follows: In Section 2, we fix notation and state Dade’s
invariant conjecture. In Section 3, we prove some lemmas from elementary number
theory which we use to count fixed points of certain automorphisms of 2F 4(2
2n+1).
In Section 4, we compute the fixed points of these outer automorphisms on the
irreducible characters of parabolic subgroups. In Section 5, we verify Dade’s invari-
ant conjecture for 2F 4(2
2n+1) in the defining characteristic. Details on irreducible
characters of the Ree groups are summarized in tabular form in Appendix A. In
Appendix B, we describe the construction of several families of irreducible charac-
ters of 2F 4(2
2n+1). Some of the data in Appendix B might also be of independent
interest and is used in [15].
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2. Dade’s Invariant Conjecture
Let R be a p-subgroup of a finite group G. Then R is radical if Op(N(R)) =
R, where Op(N(R)) is the largest normal p-subgroup of the normalizer N(R) :=
NG(R). Denote by Irr(G) the set of all irreducible ordinary characters of G, and by
Blk(G) the set of p-blocks. If H ≤ G, B˜ ∈ Blk(G), and d is an integer, we denote
by Irr(H, B˜, d) the set of characters χ ∈ Irr(H) satisfying d(χ) = d and b(χ)G = B˜
(in the sense of Brauer), where d(χ) = logp(|H |p)− logp(χ(1)p) is the p-defect of χ
and b(χ) is the block of H containing χ.
Given a p-subgroup chain C : P0 < P1 < · · · < Pn of G, define the length
|C| := n, Ck : P0 < P1 < · · · < Pk and
N(C) = NG(C) := NG(P0) ∩NG(P1) ∩ · · · ∩NG(Pn).
The chain C is said to be radical if it satisfies the following two conditions:
(a) P0 = Op(G) and
(b) Pk = Op(N(Ck)) for 1 ≤ k ≤ n.
Denote by R = R(G) the set of all radical p-chains of G.
Suppose 1 → G → E → E → 1 is an exact sequence, so that E is an extension
of G by E. Then E acts on R by conjugation. Given C ∈ R and ψ ∈ Irr(NG(C)),
let NE(C,ψ) be the stabilizer of (C,ψ) in E, and NE(C,ψ) := NE(C,ψ)/NG(C).
For B˜ ∈ Blk(G), an integer d ≥ 0 and U ≤ E, let k(NG(C), B˜, d, U) be the number
of characters in the set
Irr(NG(C), B˜, d, U) := {ψ ∈ Irr(NG(C), B˜, d) |NE(C,ψ) = U}.
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Dade’s invariant conjecture can be stated as follows:
Dade’s Invariant Conjecture ([11]) If Op(G) = 1 and B˜ ∈ Blk(G) with defect
group D(B˜) 6= 1, then ∑
C∈R/G
(−1)|C|k(NG(C), B˜, d, U) = 0,
where R/G is a set of representatives for the G-orbits of R.
Let Aut(G) and Out(G) be the automorphism and outer automorphism groups
of G, respectively. We may suppose E = Out(G). If moreover, Out(G) is cyclic,
then we write
k(NG(C), B˜, d, |U |) := k(NG(C), B˜, d, U).
For G = 2F 4(2
2n+1), n > 0, Out(G) is cyclic and the Schur multiplier of G is
trivial. So the invariant conjecture for G is equivalent to the inductive conjecture.
3. Notation and Lemmas from Elementary Number Theory
From now on, we assume that p = 2, n is a positive integer and q2 = 22n+1. We
write φi for the i-th cyclotomic polynomial in q, for example: φ1 = q−1, φ2 = q+1,
φ3 = q
2 + q + 1, φ4 = q
2 + 1, φ6 = q
2 − q + 1, φ8 = q4 + 1, φ12 = q4 − q2 + 1,
φ24 = q
8 − q4 + 1. Furthermore, we set φ′8 := q2 +
√
2q + 1, φ′′8 := q
2 − √2q + 1,
φ′24 = q
4 +
√
2q3 + q2 +
√
2q + 1, φ′′24 = q
4 −√2q3 + q2 −√2q + 1. We denote by
N = {0, 1, 2, . . .} the set of natural numbers including zero. In the next section, we
will use the following lemmas, the first one is given by [5, Lemma 3.1].
Lemma 3.1. Suppose m,n ∈ Z with m,n > 0. Then gcd(2m− 1, 2n− 1) = |2d− 1|
where d := gcd(m,n).
Lemma 3.2. Let f = 2n+1 and t be a positive integer with t | f . Then the following
hold.
(i) gcd(2t − 1, q2 − 1) = 2t − 1.
(ii) gcd(2t − 1, q2 + 1) = 1.
(iii) gcd(2t + 1, q2 − 1) = 1.
(iv) gcd(2t + 1, q2 + 1) = 2t + 1.
Proof: (i) is clear by Lemma 3.1.
(ii) Suppose d = gcd(2t − 1, q2 + 1). Since 2t − 1 | q2 − 1 by (i), it follows that
d | gcd(q2 − 1, q2 + 1) = 1.
(iv) Since t and f are both odd, we have 2t + 1 = −((−2)t − 1) and q2 + 1 =
−((−2)f−1). So Lemma 3.1 implies gcd(2t+1, q2+1) = gcd((−2)t−1, (−2)f−1) =
|(−2)t − 1| = 2t + 1.
(iii) Suppose d = gcd(2t + 1, q2 − 1). Since 2t + 1 | q2 + 1 by (iv), it follows that
d | gcd(q2 − 1, q2 + 1) = 1. 
Lemma 3.3. Let f = 2n + 1 and t be a positive integer with t | f . Then there is
a nonnegative integer m such that f − t = 4tm or f − t = 2t · (2m + 1) and for
ε ∈ {1,−1} the following holds:
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(i) If f − t = 4tm, then
gcd(2f−t − 1, q2 + ε
√
2q + 1) = 2t + ε · (−1)m · 2(t+1)/2 + 1,
gcd(2f−t + 1, q2 + ε
√
2q + 1) = 1.
(ii) If f − t = 2t · (2m+ 1), then
gcd(2f−t − 1, q2 + ε
√
2q + 1) = 1,
gcd(2f−t + 1, q2 + ε
√
2q + 1) = 2t + ε · (−1)m+1 · 2(t+1)/2 + 1.
Proof: Since t | f = 2n + 1, the integer t is odd and the even integer f − t is a
multiple of 2t. So, there is m ∈ N such that f − t = 2t · 2m or f − t = 2t · (2m+1).
(i) Suppose f − t = 4tm and ε ∈ {1,−1}. We proceed in several steps:
Step 1: gcd(2f−t − 1, q4 + 1) = 22t + 1.
Since t | f , there is an odd natural number fu such that f = t · fu. So f − t =
t·(fu−1) = 4t· fu−14 . Hence 2f−t−1 = (−22t)2·
fu−1
4 −1 and q4+1 = −((−22t)fu−1).
So Lemma 3.1 implies gcd(2f−t− 1, q4+1) = gcd((−22t)2· fu−14 − 1, (−22t)fu − 1) =
|(−22t)− 1| = 22t + 1.
Step 2: The number q2 + ε
√
2q + 1 is a multiple of 2t + ε · (−1)m · 2(t+1)/2 + 1.
Since f − t = 2n+ 1− t = 4tm, we have n = (4tm+ t− 1)/2. Modulo 22t + 1, we
compute:
q2 + ε
√
2q + 1 ≡ 22n+1 + ε · 2n+1 + 1 = 24tm+t + ε · 2(4tm+t+1)/2 + 1
≡ (22t)2m · 2t + ε · (22t)m · 2(t+1)/2 + 1
≡ 2t + ε · (−1)m · 2(t+1)/2 + 1.
So, since 22t + 1 = (2t + ε · (−1)m · 2(t+1)/2 + 1) · (2t − ε · (−1)m · 2(t+1)/2 + 1), we
can conclude that q2 + ε
√
2q + 1 is a multiple of 2t + ε · (−1)m · 2(t+1)/2 + 1.
Step 3: gcd(2f−t − 1, q2 + ε√2q + 1) = 2t + ε · (−1)m · 2(t+1)/2 + 1.
Since q4+1 = (q2+
√
2q+1) ·(q2−√2q+1) and gcd(q2+√2q+1, q2−√2q+1) = 1,
we obtain from Step 1:
gcd(2f−t − 1, q4 + 1)
= gcd(2f−t − 1, q2 + ε
√
2q + 1) · gcd(2f−t − 1, q2 − ε
√
2q + 1)
= 22t + 1 = (2t + ε · (−1)m · 2(t+1)/2 + 1) · (2t − ε · (−1)m · 2(t+1)/2 + 1).
So, Step 2 implies gcd(2f−t − 1, q2 + ε√2q + 1) = 2t + ε · (−1)m · 2(t+1)/2 + 1.
Step 4: gcd(2f−t + 1, q2 + ε
√
2q + 1) = 1.
Let d = gcd(2f−t+1, q4+1). As in Step 1, we have f = t·fu and f−t = t·(fu−1) =
4t · fu−14 for an odd integer fu. Since d | 2f−t + 1 and d | 22f + 1 = q4 + 1, we have
d | 22(f−t)−1 and d | 24f−1. By Lemma 3.1, it follows that gcd(22(f−t)−1, 24f−1) =
gcd(24t·2·
fu−1
4 − 1, 24t·fu − 1) = 24t − 1. Then d | 24t − 1, so 24t ≡ 1 mod d and
0 ≡ 2f−t + 1 = 24t· fu−14 + 1 ≡ 2 mod d. So d = 1 as d is odd. Since q2 + ε√2q + 1
is a divisor of q4 + 1, the claim follows.
(ii) Suppose f − t = 2t · (2m+ 1) and ε ∈ {1,−1}. Let d = gcd(2f−t − 1, q4 + 1).
Then there is an odd fu ∈ N such that f = t · fu, f − t = t · (fu − 1) = 2t · fu−12 .
Since d | q4 + 1 = 22f + 1, we have d | 24f − 1. By Lemma 3.1, it follows that
gcd(24f − 1, 2f−t− 1) = gcd(22t·2fu − 1, 22t·fu−12 − 1) = 22t− 1. Then d | 22t− 1, so
22t ≡ 1 mod d and 0 ≡ q4 + 1 = 22f + 1 = 22t·fu + 1 ≡ 2 mod d. So d = 1 as d is
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odd. Since q2 + ε
√
2q + 1 is a divisor of q4 + 1, the first statement of (ii) follows.
The proof of the second statement of (ii) is analogous to Steps 1-3 of (i). 
4. Action of Automorphisms on Irreducible Characters
Let G = 2F4(q
2) be the simple Ree group with q2 = 22n+1 and n a positive
integer. Let O = Out(G) and A = Aut(G). Then O = 〈α〉 and A = G⋊ 〈α〉, where
α is a field automorphism of (odd) order 2n+ 1. We fix a Borel subgroup B and
maximal parabolic subgroups Pa and Pb of G containing B as in [17] and [18]. In
particular, α stabilizes B, Pa and Pb.
In this section, we determine the action of O = Out(G) on the irreducible charac-
ters of the chain normalizers. Our notation for the parameter sets of the irreducible
characters of G, B, Pa and Pb is similar to the CHEVIE notation and is given in
Table A.1 in Appendix A. For a definition and construction of the irreducible char-
acters χ42(k), . . . , χ51(k, l), see Appendix B.
The first column of Table A.1 defines a name for the parameter set which pa-
rameterizes those characters which are listed in the second column of the table.
The characters of G are numbered according to the character table of 2F 4(q
2) in
CHEVIE, and for the characters of B, Pa, Pb we use the notation from [17] and [18].
The list of parameters in the third column of Table A.1 in Appendix A is of the
form
k = 0, . . . , n1 − 1 or k = 0, . . . , n1 − 1l = 0, . . . , n2 − 1
where the integers nj are given by polynomials in q with coefficients in Z[
√
2].
In the first case, the parameter k can be substituted by an element of Z, but
two parameters which differ by an element of n1Z yield the same character. In
the second case, the parameter vector (k, l) can be substituted by an element of
Z × Z, but two parameter vectors which differ by an element of n1Z × n2Z yield
the same character. In other words, k can be taken to be an element of Zn1 and
(k, l) can be taken to be an element of Zn1 × Zn2 . The groups Zn1 and Zn1 × Zn2
are also called character parameter groups (see Section 3.7 of the CHEVIE [14]
manual). The next lines of Table A.1 list elements which have to be excluded from
the character parameter group. The remaining parameters are called admissible
in the following. Different values of admissible parameters may give the same
character. The fourth column of Table A.1 defines an equivalence relation on the
set of admissible parameters. If no equivalence relation is listed we mean the identity
relation. The parameter set is defined to be the set of these equivalence classes.
Finally, the last column of Table A.1 gives the cardinality of the parameter set.
We consider the example PbI5. The character parameter group is Zq2−1×Zq2−1.
The parameter vectors (k, l) and (k,−l) yield the same character and the equiva-
lence class of (k, l) is {(k, l), (k,−l)}. Hence, the characters Pbχ5(k, l) are parame-
terized by the set
PbI5 = {{(k, l), (k,−l)} | (k, l) ∈ Zq2−1 × Zq2−1 , l 6= 0}.
If we want to emphasize the dependence of a parameter set, say PbI5, from q we
write PbI5(q). Table A.1 does not give any detailed information about the parameter
sets GI34, GI35, GI36, . . ., GI41, GI42, GI46, GI50, GI51, since we will not need an
explicit knowledge of these sets (note that the sets GI1, GI22, GI26, GI28, GI29,
GI32, GI34, GI35, . . ., GI41, GI42, GI46, GI50, GI51 parameterize the semisimple
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irreducible characters of G). The data in Table A.1 is taken from CHEVIE library,
the Appendix of [17] and [18] and Appendix B of this paper.
The action of O = Out(G) on the conjugacy classes of elements of G, B, Pa and
Pb induces an action of O on the sets Irr(G), Irr(B), Irr(Pa) and Irr(Pb) and then
an action on the parameter sets. Using the values of the irreducible characters of
G, B, Pa and Pb on the classes listed in the last column of Tables A.2-A.15 we can
describe the action of O on the parameter sets.
For an O-set I and each subgroup H ≤ O let CI(H) denote the set of fixed
points of I under the action of H . In the following proposition we determine
|CI(H)| where I runs through all (disjoint) unions of parameter sets which are
listed in Table A.16 except for GI
ss, where GI
ss is the disjoint union of parameter
sets parameterizing the semisimple irreducible characters of G. The number of fixed
points of GI
ss under the action of H was computed in [17, Lemma 6.2].
Proposition 4.1. Let t | 2n + 1 and I 6= GIss be one of the (disjoint) unions of
parameter sets listed in Table A.16. If H = 〈αt〉 is a subgroup of O, then the
second column of Table A.16 shows the number of fixed points |CI(H)| of I under
the action of H.
Proof: We have to consider the following parameter sets I.
First let
I ∈ {GI2 ∪ GI3 , GI4 ∪ GI30 , GI5 ∪ GI6 ∪ GI8 ∪ GI9 ∪ GI11 ∪ GI12 ∪ GI13 ∪ GI14 ,
GI7∪GI10 , GI17 , GI18 , GI19∪GI20 , GI31 ,BI6∪BI7 , BI8 , BI10 ,BI13∪BI14 ,
BI15 ∪ BI16 ∪ BI17 ∪ BI18 ∪ BI19 ∪ BI20 ∪ BI21 ∪ BI22 , BI28 ∪ BI29 , BI43 ,
BI53∪BI54 , BI55∪BI56∪BI57∪BI58 , PaI6 , PaI9∪PaI10 , PaI11 , PaI13∪PaI25 ,
PaI14∪PaI15∪PaI16∪PaI17∪PaI21∪PaI22∪PaI23∪PaI24 , PaI20 , PaI29 , PaI30 ,
PaI31 , PbI9 ∪ PbI10 , PbI11 , PbI13 , PbI14 ∪ PbI15 , PbI17 ∪ PbI18 ∪ PbI19 ∪ PbI20
∪ PbI22 ∪ PbI23 ∪ PbI24 ∪ PbI25 , PbI29 ∪ PbI30 , PbI43 ∪ PbI50 , PbI44 ∪ PbI45
∪ PbI51 ∪ PbI52 , PbI46 ∪ PbI53}.
The degrees and character values on the conjugacy classes listed in Tables A.2-
A.15 show CI(H) = I and hence |CI(H)| = |I|. We demonstrate this for the
parameter set I = PbI43 ∪ PbI50. The degrees in Table A.5 show that Pbχ43
and Pbχ50 are the only irreducible characters of Pb of degree
q9√
2
(q2 − 1). Hence,
Pbχ43
α ∈ {Pbχ43, Pbχ50}. The class representatives in Table A.7 in [18] show that
the conjugacy class c1,9 is fixed by α and we can see from the character table A.9 of
Pb in [18] that the values of Pbχ43 and Pbχ50 on c1,9 are different. So, Pbχi
α = Pbχi
for i = 43, 50 and |CI(H)| = |I|.
In each of the following cases, we have that the action of α on I is given by xα = 2x
for all x ∈ I using the character values on the classes listed in the last column of
Tables A.5-A.15. We demonstrate this for the parameter set I = PaI3 ∪ PaI4. The
degrees in Table A.15 show that the Paχ3(k, l)’s are the only irreducible characters
of Pa of degree q
2+1, so Paχ3(k, l)
α = Paχ3(k
′, l′) for some {(k′, l′), . . . } ∈ PaI3. We
see from the class representatives in [18] that α acts on the semisimple conjugacy
classes of Pa like the 2nd power map which implies that the values of Paχ3(k
′, l′)
and Paχ3(2k, 2l) on the semisimple classes coincide. Then, the character values of
Paχ3(k, l) (see the character table A.5 in [18]) imply that the values of Paχ3(k
′, l′)
and Paχ3(2k, 2l) coincide on all classes, hence Paχ3(k
′, l′) = Paχ3(2k, 2l) and there-
fore Paχ3(k, l)
α = Paχ3(2k, 2l). Similarly, Paχ4(k)
α = Paχ4(2k). Hence, x
α = 2x
for all x ∈ I.
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Let I = GI27∪GI33. If x = {k,−k} ∈ I, then x ∈ CI(H) if and only if (2t−1)k ≡ 0
or (2t + 1)k ≡ 0. Let C± := {{k,−k} ∈ CI(H) | (2t ± 1)k ≡ 0} , so that CI(H) =
C− ∪ C+ and C− ∩C+ = ∅. We claim
C− =
{
{k,−k} ∈ GI27 | k is a multiple of q
2 − 1
2t − 1
}
.
The inclusion ⊇ is clear. Let x = {k,−k} ∈ C−. If x ∈ GI33, then (2t − 1)k ≡ 0
mod q2 + 1 and Lemma 3.2(ii) implies k ≡ 0, which is impossible. Hence x ∈ GI27
and (2t− 1)k ≡ 0 mod q2− 1. By Lemma 3.2(i), k is a multiple of (q2− 1)/(2t− 1),
proving the claim. Next, we claim
C+ =
{
{k,−k} ∈ GI33 | k is a multiple of q
2 + 1
2t + 1
}
.
The inclusion ⊇ is clear. Let x = {k,−k} ∈ C+. If x ∈ GI27, then (2t + 1)k ≡ 0
mod q2 − 1 and Lemma 3.2(iii) implies k ≡ 0, which is impossible. Hence x ∈ GI33
and (2t+1)k ≡ 0 mod q2+1. By Lemma 3.2(iv), k is a multiple of (q2+1)/(2t+1)
and the claim holds.
Thus in all cases, |CI(H)| = |C−|+ |C+| = 2t−22 + 2
t−2
2 = 2
t − 2.
Let I = BI1. If (k, l) ∈ I, then (k, l) ∈ CI(H) if and only if (2t − 1)k ≡ 0 and
(2t−1)l ≡ 0 mod q2−1. By Lemma 3.2(i), this is equivalent with k, l are multiples
of q
2−1
2t−1 . Thus, |CI(H)| = (2t − 1)2.
Now, let I be one of the parameter sets BI2, BI3, BI4, BI5, BI9, BI11, BI12,
BI23, BI26, BI27, BI39, BI42, BI44, BI45, BI51, BI52, PaI1, PaI2, PaI5, PaI7, PaI8,
PaI12, PaI26, PaI34, PaI35, PbI1, PbI2, PbI3, PbI4, PbI8, PbI12, PbI27, PbI28, PbI40.
If k ∈ I, then k ∈ CI(H) if and only if (2t−1)k ≡ 0 mod q2−1. By Lemma 3.2(i),
we get CI(H) = {k ∈ I | k is a multiple of (q2 − 1)/(2t − 1)} and |CI(H)| = 2t − 1.
Let I = PaI3 ∪ PaI4. First, we compute |CPa I3(H)|. Let
Ui :=
{{{(k, l), (k′, l′)} ∈ C
Pa I3(H) | 2tk ≡ k, 2tl ≡ l
}
if i = 1,{{(k, l), (k′, l′)} ∈ C
Pa I3(H) | 2tk ≡ k′, 2tl ≡ l′
}
if i = 2,
where k′ = q√
2
(k + l) and l′ = q√
2
(k − l).
If x = {(k, l), ( q√
2
(k+l), q√
2
(k−l))} ∈ PaI3, then x ∈ U1 if and only if (2t−1)k ≡ 0
and (2t − 1)l ≡ 0 mod q2 − 1. By Lemma 3.2(i), this is equivalent with k, l are
multiples of q
2−1
2t−1 . Thus, |U1| = (2t − 2)(2t − 1)/2.
If x = {(k, l), ( q√
2
(k + l), q√
2
(k − l))} ∈ PaI3, then x ∈ U2 if and only if 2tk ≡
q√
2
(k + l) and 2tl ≡ q√
2
(k − l) mod q2 − 1. Multiplying both congruences by√
2q, we get
√
2q · 2tk ≡ k + l and √2q · 2tl ≡ k − l mod q2 − 1. Then, l ≡
(
√
2q ·2t−1)k and k ≡ (√2q ·2t+1)l mod q2−1. Combining these two congruences,
we get k ≡ (√2q · 2t − 1)(√2q · 2t + 1)k = (2q2 · 22t − 1)k ≡ (2 · 22t − 1)k.
Then 2(22t − 1)k ≡ 0 mod q2 − 1. By Lemma 3.2(i) and (iii), it follows that
gcd(2(2t − 1)(2t + 1), q2 − 1) = gcd(2t − 1 , q2 − 1) = 2t − 1. Thus (2t − 1)k ≡ 0
mod q2 − 1. Then k ≡ 2tk ≡ q√
2
(k + l). Multiplying both sides by
√
2q, we get√
2qk ≡ k + l. But then l ≡ (√2q − 1)k, a contradiction to the definition of PaI3.
Hence, U2 = ∅. So |CPa I3(H)| = |U1|+ |U2| = (2t − 2)(2t − 1)/2.
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Next, we calculate |C
Pa I4(H)|. If x = {k, q2k} ∈ PaI4, then x ∈ CPa I4(H) if and
only if (2t− 1)k ≡ 0 or (2t− q2)k ≡ 0 mod (q2+1)(q2− 1). Suppose (2t− 1)k ≡ 0.
By Lemma 3.2(i) and (ii), it follows that gcd(2t − 1, (q2 + 1)(q2 − 1)) = gcd(2t −
1 , q2− 1) = 2t− 1. Thus, (q2 +1) · (q2−1)2t−1 | k. But then (q2 +1) | k, a contradiction
to the definition of PaI4. So we have proved that x ∈ CPa I4(H) if and only if
(2t − q2)k ≡ 0 mod (q2 + 1)(q2 − 1). We claim
C
Pa I4(H) =
{
{k, q2k} ∈ PaI4 | k is a multiple of
(q2 + 1)(q2 − 1)
(2t + 1)(2t − 1)
}
.
Let k = (q
2+1)(q2−1)
(2t+1)(2t−1) ·m for some m ∈ Z. Because t|2n+ 1 we have 2t | 2n+ 1 − t.
Then we get (2t+1)(2t− 1) | 22n+1−t− 1. Thus (22n+1−t− 1)k = 22n+1−t−1(2t+1)(2t−1) (q2 +
1)(q2− 1) ·m ≡ 0 mod (q2 +1)(q2− 1). So (2t− q2)k ≡ 0 mod (q2 +1)(q2− 1) and
{k, q2k} ∈ C
Pa I4(H).
Conversely, suppose {k, q2k} ∈ C
Pa I4(H). Then (2
t − q2)k ≡ 0 mod (q2 +
1)(q2 − 1). Hence (2t + 1)k ≡ 0 mod q2 + 1 and (2t − 1)k ≡ 0 mod q2 − 1. By
Lemma 3.2(i) and (iv), this is equivalent with q
2+1
2t+1 | k and q
2−1
2t−1 | k. Since q
2+1
2t+1 | q2+1
and q
2−1
2t−1 | q2 − 1 and since gcd(q2 + 1, q2 − 1) = 1, we have gcd
(
q2+1
2t+1 ,
q2−1
2t−1
)
= 1.
Therefore (q
2+1)(q2−1)
(2t+1)(2t−1) | k, and the claim holds. So by the definition of PaI4, we get
|C
Pa I4(H)| = 2t(2t − 1)/2.
So, |CI(H)| = |CPa I3(H)|+ |CPa I4(H)| = (2t − 1)2.
Let I = PaI32 ∪ PaI33. The computation of |CI(H)| is analogous to the case I =
GI27 ∪ GI33. One gets |CI(H)| = 2t − 1.
Let I = PbI5 ∪ PbI6 ∪ PbI7. First, we compute |CPbI5(H)|. Let
Ui :=

{
{(k, l), (k,−l)} ∈ C
Pb
I5(H) | 2tk ≡ k, 2tl ≡ l
}
if i = 1,{
{(k, l), (k,−l)} ∈ C
Pb
I5(H) | 2tk ≡ k, 2tl ≡ −l
}
if i = 2.
If x = {(k, l), (k,−l)} ∈ PbI5, then x ∈ U1 if and only if (2t − 1)k ≡ 0 and
(2t−1)l ≡ 0 mod q2−1. By Lemma 3.2(i), this is equivalent with k, l are multiples
of q
2−1
2t−1 . Thus, |U1| = (2t − 1)(2t − 2)/2.
If x = {(k, l), (k,−l)} ∈ PbI5, then x ∈ U2 if and only if (2t − 1)k ≡ 0 and
(2t + 1)l ≡ 0 mod q2 − 1. By Lemma 3.2(iii), the second congruence is equivalent
with l ≡ 0 mod q2 − 1, a contradiction to the definition of PbI5. Hence U2 = ∅. So
|C
Pb
I5(H)| = |U1|+ |U2| = (2t − 1)(2t − 2)/2.
Next, we calculate |C
Pb
I6 ∪ PbI7(H)|. Let φ′8 := q2+
√
2q+1 and φ′′8 := q
2−√2q+1.
The set J1 :=
{
{(k, l), (k,−l), (k, q2l), (k,−q2l)}|(k, l) ∈ Zq2−1 × Zq2+√2q+1, l 6= 0
}
becomes an H-set via xα := 2x for all x ∈ J , and we have J1 ≃ PbI6 as H-sets; note
that Pbχ6(k) is obtained via inflation from a regular semisimple character of the
Levi complement Lb ∼= Zq2−1 × Sz(q2). In a similar way, we have an isomorphism
of H-sets
PbI7 ≃
{
{(k, l), (k,−l), (k, q2l), (k,−q2l)}|(k, l) ∈ Zq2−1 × Zq2−√2q+1, l 6= 0
}
=: J2.
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Hence, PbI6 ∪ PbI7 ≃ J1 ∪ J2 (disjoint union) as H-sets, so that we can identify
PbI6 ∪ PbI7 = J1 ∪ J2.
In a first step, we compute |CJ1(H)|. Let
U±1 :=
{{(k, l), (k,−l), (k, q2l), (k,−q2l)} ∈ CJ1(H) | 2tk ≡ k , 2tl ≡ ±l} ,
U±2 :=
{{(k, l), (k,−l), (k, q2l), (k,−q2l)} ∈ CJ1(H) | 2tk ≡ k , 2tl ≡ ±q2l} ,
where the congruences are mod q2−1 and q2+√2q+1, respectively. Then CJ1(H) =
U1 ∪ U−1 ∪ U2 ∪ U−2. We claim that U±1 = ∅. Suppose {(k, l), . . . } ∈ U1. Then
(2t−1)k ≡ 0 mod q2−1 and (2t−1)l ≡ 0 mod q2+√2q+1. Since 2t−1 | q2−1 | q4−1
and since gcd(q4 − 1, (q2 + √2q + 1) · (q2 − √2q + 1)) = gcd(q4 − 1, q4 + 1) = 1,
the second congruence is equivalent with l ≡ 0 mod q2 + √2q + 1, contradicting
the definition of J1. So U1 = ∅. Suppose {(k, l), . . . } ∈ U−1. Then (2t − 1)k ≡ 0
mod q2 − 1 and (2t + 1)l ≡ 0 mod q2 +√2q + 1. Since 2t + 1 | q2 + 1 | q4 − 1 and
since gcd(q4 − 1, q4 + 1) = 1, the second congruence is equivalent with l ≡ 0 mod
q2 +
√
2q + 1, contradicting the definition of J1. So U−1 = ∅.
Suppose {(k, l), . . .} ∈ U2. Then 2tk ≡ k mod q2 − 1 and 2tl ≡ q2l mod
q2 +
√
2q + 1, and hence (2t − 1)k ≡ 0 mod q2 − 1 and (22n+1−t − 1)l ≡ 0 mod
q2 +
√
2q + 1. By Lemmas 3.2(i), 3.3 and the definition of J1, we get
|U2| =
{
1
4 (2
t − 1)(2t ± 2(t+1)/2) if 4t | 2n+ 1− t,
0 if 4t ∤ 2n+ 1− t.
Suppose {(k, l), (k,−l), (k, q2l), (k,−q2l)} ∈ U−2. Then 2tk ≡ k mod q2 − 1 and
2tl ≡ −q2l mod q2+√2q+1, and hence (2t−1)k ≡ 0 mod q2−1 and(22n+1−t+1)k ≡
0 mod q2 +
√
2q + 1. By Lemma 3.2(i), 3.3 and the definition of J1, we get
|U−2| =
{
0 if 4t | 2n+ 1− t,
1
4 (2
t − 1)(2t ± 2(t+1)/2) if 4t ∤ 2n+ 1− t.
So
|CJ1(H)| = |U1|+ |U−1|+ |U2|+ |U−2| =
1
4
(2t − 1)(2t ± 2(t+1)/2).
Analogously, we obtain
|CJ2(H)| =
1
4
(2t − 1)(2t ∓ 2(t+1)/2).
So
|C
Pb
I6 ∪PbI7(H)| = |CJ1∪J2(H)| = |CJ1(H)|+ |CJ2(H)| = 2t(2t − 1)/2.
Hence we get
|CI(H)| = |CPb I5(H)|+ |CPb I6 ∪PbI7(H)| =
(2t − 1)(2t − 2)
2
+
2t(2t − 1)
2
= (2t−1)2.
Let I ∈ {GI23 ∪GI43 ∪ GI47 ,GI24 ∪ GI44 ∪GI48 ,GI25 ∪GI45 ∪ GI49 , PbI16 ∪ PbI21 ∪
PbI26 , PbI47 ∪ PbI48 ∪ PbI49 , PbI54 ∪ PbI55 ∪ PbI56}. Then these (disjoint) unions of
parameter sets are isomorphic H-sets, so that we can assume I = PbI47 ∪ PbI48 ∪
PbI49. First, we compute |CPbI47(H)|. If x = {k,−k} ∈ I, then x ∈ CPb I47(H) if
and only if (2t − 1)k ≡ 0 or (2t + 1)k ≡ 0 mod q2 − 1. Let
C± :=
{
{k,−k} ∈ C
Pb
I47(H) | (2t ± 1)k ≡ 0
}
,
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so that CI(H) = C− ∪ C+ and C− ∩ C+ = ∅. We claim that C+ = ∅. Let
x = {k,−k} ∈ C+, then (2t+1)k ≡ 0 mod q2−1 and Lemma 3.2(iii) implies k ≡ 0,
which is impossible. Hence x ∈ C− and (2t−1)k ≡ 0 mod q2−1. By Lemma 3.2(i),
k is a multiple of (q2 − 1)/(2t − 1) and |CI(H)| = |C−|+ |C+| = 2t−22 .
Next, we compute |C
Pb
I48 ∪PbI49(H)|. We start with PbI48. Let
U±1 :=
{
{k,−k, q2k,−q2k} ∈ C
Pb
I48 (H) | 2tk ≡ ±k
}
,
U±2 :=
{
{k,−k, q2k,−q2k} ∈ C
Pb
I48 (H) | 2tk ≡ ±q2k
}
,
where the congruences are mod q2+
√
2q+1. Then C
Pb
I48 (H) = U1∪U−1∪U2∪U−2.
We claim that U±1 = ∅. Suppose {k,−k, q2k,−q2k} ∈ U1. Then (2t − 1)k ≡ 0.
Since 2t − 1 | q2 − 1 | q4− 1 and since gcd(q4 − 1, (q2 +√2q+ 1) · (q2 −√2q+ 1)) =
gcd(q4−1, q4+1) = 1, we have k ≡ 0 mod q2+√2q+1, contradicting the definition
of PbI48. So U1 = ∅. Suppose {k,−k, q2k,−q2k} ∈ U−1. Then (2t + 1)k ≡ 0 mod
q2+
√
2q+1. Since 2t+1 | q2+1 | q4− 1 and since gcd(q4− 1, q4+1) = 1, it follows
that k ≡ 0 mod q2 + √2q + 1, contradicting the definition of PbI48. So U−1 = ∅.
Suppose {k,−k, q2k,−q2k} ∈ U2. Then 2tk ≡ q2k mod q2 +
√
2q + 1 and hence
(22n+1−t − 1)k ≡ 0 mod q2 +√2q + 1. By Lemma 3.3 and the definition of PbI48,
we get
|U2| =
{
1
4 (2
t ± 2(t+1)/2) if 4t | 2n+ 1− t,
0 if 4t ∤ 2n+ 1− t.
Suppose {k,−k, q2k,−q2k} ∈ U−2. Then 2tk ≡ −q2k mod q2 +
√
2q+ 1 and hence
(22n+1−t + 1)k ≡ 0 mod q2 +√2q + 1. By Lemma 3.3 and the definition of PbI48,
we get
|U−2| =
{
0 if 4t | 2n+ 1− t,
1
4 (2
t ± 2(t+1)/2) if 4t ∤ 2n+ 1− t.
So
|C
Pb
I48 (H)| = |U1|+ |U−1|+ |U2|+ |U−2| =
1
4
(2t ± 2(t+1)/2).
Analogously, we obtain
|C
Pb
I49(H)| =
1
4
(2t ∓ 2(t+1)/2).
So we have |C
Pb
I48 ∪PbI49(H)| = |CPbI48 |+ |CPbI49 | = 2t/2. Hence, we get |CI(H)| =
|C
Pb
I
47
(H)|+ |C
Pb
I
48
∪PbI49(H)| =
2t−2
2 +
2t
2 = 2
t − 1. 
Proposition 4.2. Let t | 2n+1, H = 〈αt〉 ≤ O and let (I, J) ∈ {(GI15∪GI16, PaI18∪
PaI19), (BI24∪BI25, PaI27 ∪PaI28), (BI30 ∪BI31 ∪BI32 ∪BI33∪BI35∪BI36, PbI31 ∪
PbI32 ∪ PbI33 ∪ PbI34 ∪ PbI36 ∪ PbI37), (BI34 ∪ BI37, PbI35 ∪ PbI38), (BI38 ∪ BI40 ∪
BI41, PbI39 ∪ PbI41 ∪ PbI42), (BI46 ∪ BI47 ∪ BI48 ∪ BI49, PaI36 ∪ PaI37 ∪ PaI38 ∪
PaI39), (BI50, PaI40)}. Then |CI(H)| = |CJ (H)|.
Proof: Suppose (I, J) = (GI15 ∪ GI16, PaI18 ∪ PaI19). Considering degrees we see
that the sets {Gχ15,Gχ16} and {Paχ18, Paχ19} are invariant under the action of α
(note that Paχ20 is real-valued and Paχ18, Paχ19 are not). The characters Gχ15,
Gχ16 coincide on all classes of G except for the classes c5,3 and c5,4. Similarly,
Paχ18, Paχ19 coincide on all conjugacy classes of Pa except for c8,3 and c8,4. From
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the class representatives in [17, Table A.2] and [18, Table A.3] we get that α swaps
Gχ15 and Gχ16 if and only if it swaps Paχ18 and Paχ19. So, |CI(H)| = |CJ (H)|.
Next, suppose (I, J) = (BI50, PaI40). By construction, Paχ40(k) = Bχ50(k)
Pa
is induced from the α-stable Borel subgroup B for all k ∈ BI50 = PaI40 (see [18,
Table 3]) and induction of characters induces a bijection from {Bχ50(k) | k ∈ BI50}
onto {Paχ40(k) | k ∈ PaI40} mapping Bχ50(k) to Paχ40(k). We have
Paχ40(k
α) = Paχ40(k)
α =
(
Bχ50(k)
Pa
)α
= (Bχ50(k)
α)
Pa = (Bχ50(k
α))
Pa .
So the above-mentioned bijection is an isomorphism of H-sets. Hence, BI50 ≃ PaI40
asH-sets and |C
BI50(H)| = |CPa I40 (H)|. The remaining pairs of parameter sets can
be treated analogously, see the construction of the characters Paχ28(k), Paχ38(k),
Paχ39(k), Pbχ36(k), Pbχ37(k), Pbχ38(k) and Pbχ42(k) in [18]. 
5. Dade’s Invariant Conjecture for 2F 4(q
2)
In this section, we prove Dade’s invariant conjecture for G = 2F 4(2
2n+1), n > 0,
in the defining characteristic. As in the previous section, let O = Out(G) = 〈α〉,
where α is a field automorphism of (odd) order 2n+1. We fix a Borel subgroup B
and maximal parabolic subgroups Pa and Pb of G containing B as in [17] and [18].
In particular, we may assume that α stabilizes B, Pa and Pb.
By the remarks on p. 152 in [19], G has only two 2-blocks, the principal block
B0 and one defect-0-block (corresponding to the Steinberg character). Hence we
have to verify Dade’s conjecture only for the principal block B0.
According to a corollary of the Borel-Tits theorem [6], the normalizers of radical
2-subgroups are parabolic subgroups. The radical 2-chains ofG (up toG-conjugacy)
are given in Table 1.
Table 1. Radical 2-chains of G.
C NG(C) NA(C)
C1 {1} G A
C2 {1} < Op(Pa) Pa Pa ⋊ 〈α〉
C3 {1} < Op(Pa) < Op(B) B B ⋊ 〈α〉
C4 {1} < Op(Pb) Pb Pb ⋊ 〈α〉
C5 {1} < Op(Pb) < Op(B) B B ⋊ 〈α〉
C6 {1} < Op(B) B B ⋊ 〈α〉
Since C5 and C6 have the same normalizers NG(C5) = NG(C6) and NA(C5) =
NA(C6), it follows that
k(NG(C5), B0, d, u) = k(NG(C6), B0, d, u)
for all d ∈ N and u | 2n+1. Thus the contribution of C5 and C6 in the alternating
sum of Dade’s invariant conjecture is zero. So, Dade’s invariant conjecture for G is
equivalent with
(1) k(G,B0, d, u) + k(B,B0, d, u) = k(Pa, B0, d, u) + k(Pb, B0, d, u)
for all d ∈ N and u | 2n+ 1.
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Theorem 5.1. Let B˜ be a 2-block of G = 2F 4(2
2n+1), n > 0, with a positive defect.
Then B˜ satisfies Dade’s invariant conjecture.
Proof: By the proceeding remarks, we can assume B˜ = B0. Suppose u | 2n + 1
and set t := 2n+1u and H := 〈αt〉. Let S ∈ {G,B, Pa, Pb}. By the character tables
in [17], [18] and CHEVIE, we have k(S,B0, d, u) = 0 when d 6∈ {11n + 6, 14n +
7, 14n + 8, 15n + 8, 16n + 8, 17n + 9, 18n + 9, 20n + 10, 20n + 11, 20n + 12, 21n +
11, 22n+ 11, 23n+ 12, 24n+ 12}.
(a) If d = 11n + 6, then we have k(G,B0, d, u) =
∑
j∈{19,20} |CGIj (H)| =
2 and k(Pb, B0, d, u) =
∑
j∈{46,53} |CPbIj (H)| = 2 as well as k(B,B0, d, u) =
k(Pa, B0, d, u) = 0 by Tables A.2 and A.16. Thus (1) holds in this case.
(b) If d = 14n+ 7, then we have
k(G,B0, d, u) = |CGI18 (H)| = 1 and k(Pa, B0, d, u) = |CPa I31(H)| = 1
by Tables A.3 and A.16. Thus (1) holds in this case.
(c) If d = 14n + 8, then we have k(G,B0, d, u) =
∑
j∈{55,56,57,58} |CBIj (H)| =
4 and k(Pb, B0, d, u) =
∑
j∈{44,45,51,52} |CPbIj (H)| = 4 by Tables A.4 and A.16.
Thus (1) holds in this case.
(d) If d = 15n+8, then we have k(B,B0, d, u) =
∑
j∈{51,52,53,54} |CBIj (H)| = 2·2t
and k(Pb, B0, d, u) =
∑
j∈{43,47,48,49,50,54,55,56} |CPbIj (H)| = 2 · 2t by Tables A.5
and A.16. Thus (1) holds in this case.
(e) If d = 16n+8, then Table A.6 and Proposition 4.2 imply, that (1) is equivalent
to ∑
j∈{42,43}
|C
BIj (H)| =
∑
j∈{30,32,33}
|C
Pa Ij (H)|.
By Table A.16, the sums on both sides of the above equation are equal. Thus (1)
also holds in this case.
(f) If d = 17n+9, then Table A.7 and Proposition 4.2 imply, that (1) is equivalent
to ∑
j∈JB
|C
BIj (H)| =
∑
j∈JPa
|C
Pa Ij (H)|
with JB := {44, 45} and JPa := {34, 35}. By Table A.16, the sums on both sides
of the above equation are equal. Thus (1) also holds in this case.
(g) If d = 18n+9, then Table A.8 and Proposition 4.2 imply, that (1) is equivalent
to
|C
GI31(H)|+ |CBI39 (H)| = |CPa I29(H)|+ |CPbI40 (H)|.
By Table A.16, the sums on both sides of the above equation are equal. Thus (1)
also holds in this case.
(h) If d = 20n + 10, then Table A.9 and Proposition 4.2 imply, that (1) is
equivalent to∑
j∈JG
|C
GIj (H)|+
∑
j∈JB
|C
BIj (H)| =
∑
j∈JPa
|C
Pa Ij (H)|+
∑
j∈JPb
|C
Pb
Ij (H)|
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where the sums are over JG = {17, 25, 45, 49}, JB = {11, 12, 23}, JPa = {12, 20, 26},
JPb = {4, 16, 21, 26}, respectively. By Table A.16, we have
k(G,B0, d, u) + k(B,B0, d, u) =
∑
j∈JG
|C
GIj (H)|+
∑
j∈JB
|C
BIj (H)| = 4 · 2t − 3
and
k(Pa, B0, d, u) + k(Pb, B0, d, u) =
∑
j∈JPa
|C
Pa Ij (H)|+
∑
j∈JPb
|C
Pb
Ij (H)| = 4 · 2t − 3.
Thus (1) also holds in this case.
(i) If d = 20n + 11, then Table A.10 and Proposition 4.2 imply, that (1) is
equivalent to∑
j∈JG
|C
GIj (H)|+
∑
j∈JB
|C
BIj (H)| =
∑
j∈JPa
|C
Pa Ij (H)|+
∑
j∈JPb
|C
Pb
Ij (H)|
where the sums are over JG := {7, 10}, JB := {13, 14}, JPa := {13, 25} and JPb :=
{14, 15}, respectively. By Table A.16, we have
k(G,B0, d, u) + k(B,B0, d, u) =
∑
j∈JG
|C
GIj (H)|+
∑
j∈JB
|C
BIj (H)| = 4
and
k(Pa, B0, d, u) + k(Pb, B0, d, u) =
∑
j∈JPa
|C
Pa Ij (H)|+
∑
j∈JPb
|C
Pb
Ij (H)| = 4.
Thus (1) also holds in this case.
(j) If d = 20n+ 12, then Table A.11 implies, that (1) is equivalent to∑
j∈JG
|C
GIj (H)|+
∑
j∈JB
|C
BIj (H)| =
∑
j∈JPa
|C
Pa Ij (H)|+
∑
j∈JPb
|C
Pb
Ij (H)|
with JG := {5, 6, 8, 9, 11, 12, 13, 14}, JB := {15, 16, 17, 18, 19, 20, 21, 22}, JPa :=
{14, 15, 16, 17, 21, 22, 23, 24}, JPb := {17, 18, 19, 20, 22, 23, 24, 25}. By Table A.16,
we have
k(G,B0, d, u) + k(B,B0, d, u) =
∑
j∈JG
|C
GIj (H)|+
∑
j∈JB
|C
BIj (H)| = 16
and
k(Pa, B0, d, u) + k(Pb, B0, d, u) =
∑
j∈JPa
|C
Pa Ij (H)|+
∑
j∈JPb
|C
Pb
Ij (H)| = 16.
Thus (1) also holds in this case.
(k) If d = 21n+ 11, then Table A.12 implies, that (1) is equivalent to∑
j∈JB
|C
BIj (H)| =
∑
j∈JPb
|C
Pb
Ij (H)|
with JB := {26, 27, 28, 29} and JPb := {27, 28, 29, 30}. By Table A.16, the sums on
both sides of the above equation are equal. Thus (1) also holds in this case.
(l) If d = 22n+ 11, then Table A.13 implies, that (1) is equivalent to∑
j∈JG
|C
GIj (H)|+
∑
j∈JB
|C
BIj (H)| =
∑
j∈JPa
|C
Pa Ij (H)|+
∑
j∈JPb
|C
Pb
Ij (H)|
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with JG := {4, 27, 30, 33}, JB := {9, 10}, JPa := {2, 11} and JPb := {12, 13}. By
Table A.16, we have
k(G,B0, d, u) + k(B,B0, d, u) =
∑
j∈JG
|C
GIj (H)|+
∑
j∈JB
|C
BIj (H)| = 2 · 2t
and
k(Pa, B0, d, u) + k(Pb, B0, d, u) =
∑
j∈JPa
|C
Pa Ij (H)|+
∑
j∈JPb
|C
Pb
Ij (H)| = 2 · 2t.
Thus (1) also holds in this case.
(m) If d = 23n+ 12, then Table A.14 implies, that (1) is equivalent to∑
j∈JG
|C
GIj (H)|+
∑
j∈JB
|C
BIj (H)| =
∑
j∈JPa
|C
Pa Ij (H)|+
∑
j∈JPb
|C
Pb
Ij (H)|
with JG := {2, 3, 23, 24, 43, 44, 47, 48}, JB := {3, 4, 6, 7}, JPa := {7, 8, 9, 10} and
JPb := {2, 3, 9, 10}. By Table A.16, we have
k(G,B0, d, u) + k(B,B0, d, u) =
∑
j∈JG
|C
GIj (H)|+
∑
j∈JB
|C
BIj (H)| = 4 · 2t
and
k(Pa, B0, d, u) + k(Pb, B0, d, u) =
∑
j∈JPa
|C
Pa Ij (H)|+
∑
j∈JPb
|C
Pb
Ij (H)| = 4 · 2t.
Thus (1) also holds in this case.
(n) If d = 24n+ 12, then Table A.15 implies, that (1) is equivalent to
|C
GIss(H)|+
∑
j∈JB
|C
BIj (H)| =
∑
j∈JPa
|C
Pa Ij (H)|+
∑
j∈JPb
|C
Pb
Ij (H)|
with JB := {1, 2, 5, 8}, JPa := {1, 3, 4, 5, 6} and JPb := {1, 5, 6, 7, 8, 11}. By [17,
Lemma 6.2] and Table A.16, we have
k(G,B0, d, u) + k(B,B0, d, u) = |CGIss(H)|+
∑
j∈JB
|C
BIj (H)| = 2 · 22t
and
k(Pa, B0, d, u) + k(Pb, B0, d, u) =
∑
j∈JPa
|C
Pa Ij (H)|+
∑
j∈JPb
|C
Pb
Ij (H)| = 2 · 22t.
Thus (1) also holds in this case. 
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Appendix A
Table A.1 Parameter sets for the irreducible characters of G, B, Pa, Pb. (For the
parameter sets GI34, GI35, GI36, . . . , GI41, GI42, GI46, GI50, GI51 see the remarks
in Section 4. In this table, we use the abbreviations k′ := q√
2
(k+ l), l′ := q√
2
(k− l),
a′ := −√2q3 +√2q + 1, b′ := −√2q3 − q2 +√2q + 2, a′′ := √2q3 − √2q + 1 and
b′′ :=
√
2q3 − q2 −√2q + 2.)
Parameter Set Characters Parameters Equivalence Number of
Relation Characters
GI1 = .. = GI21 χ1, . . . , χ21 1
GI22 = .. = GI27 χ22(k), .., χ27(k) k = 0, . . . , q
2 − 2 {k ≡ −k} q2−2
2
k 6= 0
GI28 χ28(k, l) see the remarks in Section 4
q4−10q2+16
16
GI29 = .. = GI31 χ29, χ30, χ31 1
GI32 = GI33 χ32(k), χ33(k) k = 0, . . . , q
2 {k ≡ −k} q2−2
2
q2+1
3
∤ k
GI34 χ34(k) see the remarks in Section 4
q4−2q2
4
GI35 χ35(k) see the remarks in Section 4
1
8
(q4 −√2q3
−2q2 + 2√2q)
GI36 χ36(k) see the remarks in Section 4
1
8
(q4 +
√
2q3
−2q2 − 2√2q)
GI37 χ37(k, l) see the remarks in Section 4
q4−2q2
16
GI38 χ38(k, l) see the remarks in Section 4
q4−10q2+16
48
GI39 χ39(k) see the remarks in Section 4
q4−q2−2
6
GI40 χ40(k) see the remarks in Section 4
1
12
(q4 −√2q3
+q2 −√2q)
GI41 χ41(k) see the remarks in Section 4
1
12
(q4 +
√
2q3
+q2 +
√
2q)
GI42 χ42(k) see the remarks in Section 4
q2−√2q
4
GI43 = .. = GI45 χ43(k), .., χ45(k) k = 0, .., q
2 −√2q {k ≡ −k ≡ q2−
√
2q
4
k 6= 0 q2k ≡ −q2k}
GI46 χ46(k) see the remarks in Section 4
q2+
√
2q
4
GI47 = .. = GI49 χ47(k), .., χ49(k) k = 0, .., q
2 +
√
2q {k ≡ −k ≡ q2+
√
2q
4
k 6= 0 q2k ≡ −q2k}
GI50 χ50(k, l) see the remarks in Section 4
GI51 χ51(k, l) see the remarks in Section 4
BI1 Bχ1(k, l) k, l = 0, . . . , q
2 − 2 (q2 − 1)2
BI2 = .. = BI5 Bχ2(k), ..,Bχ5(k) k = 0, . . . , q
2 − 2 q2 − 1
BI6 = .. = BI8 Bχ6,Bχ7,Bχ8 1
BI9 Bχ9(k) k = 0, . . . , q
2 − 2 q2 − 1
BI10 Bχ10 1
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Table A.1 (cont.) Parameter sets for irreducible characters.
Parameter Set Characters Parameters Equivalence Number of
Relation Characters
BI11 = BI12 Bχ11(k),Bχ12(k) k = 0, . . . , q
2 − 2 q2 − 1
BI13 = .. = BI22 Bχ13, . . . ,Bχ22 1
BI23 Bχ23(k) k = 0, . . . , q
2 − 2 q2 − 1
BI24 Bχ24 1
BI25 Bχ25(k) k = 1, . . . , q
2 q2
BI26 = BI27 Bχ26(k),Bχ27(k) k = 0, . . . , q
2 − 2 q2 − 1
BI28 = .. = BI34 Bχ28, . . . ,Bχ34 1
BI35 Bχ35(k) k = 1, . . . , 4 · q
2−2
6
4 · q2−2
6
BI36 Bχ36(k) k = 1, . . . , 4 · q
2−2
2
4 · q2−2
2
BI37 Bχ37(k) k = 1, . . . ,
q2+1
3
q2+1
3
BI38 Bχ38 1
BI39 Bχ39(k) k = 0, . . . , q
2 − 2 q2 − 1
BI40 Bχ40 1
BI41 Bχ41(k) k = 1, . . . , q
2 q2
BI42 Bχ42(k) k = 0, . . . , q
2 − 2 q2 − 1
BI43 Bχ43 1
BI44 = BI45 Bχ44(k),Bχ45(k) k = 0, . . . , q
2 − 2 q2 − 1
BI46 = BI47 Bχ46,Bχ47 1
BI48 = .. = BI50 Bχ48(k), ..,Bχ50(k) k = 1, . . . , q
2 q2
BI51 = BI52 Bχ51(k),Bχ52(k) k = 0, . . . , q
2 − 2 q2 − 1
BI53 = .. = BI58 Bχ53, . . . ,Bχ58 1
PaI1 = PaI2 Paχ1(k), Paχ2(k) k = 0, . . . , q
2 − 2 q2 − 1
PaI3 Paχ3(k, l) k, l = 0, . . . , q
2 − 2 {(k, l) ≡ q4−3q2+2
2
l 6= (√2q − 1)k (k′, l′)}
PaI4 Paχ4(k) k = 0, . . . , q
4 − 2 {k ≡ q2k} q4−q2
2
q2 + 1 ∤ k,
PaI5 Paχ5(k) k = 0, . . . , q
2 − 2 q2 − 1
PaI6 Paχ6 1
PaI7 = PaI8 Paχ7(k), Paχ8(k) k = 0, . . . , q
2 − 2 q2 − 1
PaI9 = .. = PaI11 Paχ9, .., Paχ11 1
PaI12 Paχ12(k) k = 0, . . . , q
2 − 2 q2 − 1
PaI13 = .. = PaI25 Paχ13, . . . , Paχ25 1
PaI26 Paχ26(k) k = 0, . . . , q
2 − 2 q2 − 1
PaI27 Paχ27 1
PaI28 Paχ28(k) k = 1, . . . , q
2 q2
PaI29 = .. = PaI31 Paχ29, .., Paχ31 1
PaI32 Paχ32(k) k = 0, .., q
2 − 2; k 6= 0 {k ≡ −k} q2−2
2
PaI33 Paχ33(k) k = 0, . . . , q
2; k 6= 0 {k ≡ −k} q2
2
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Table A.1 (cont.) Parameter sets for irreducible characters.
Parameter Set Characters Parameters Equivalence Number of
Relation Characters
PaI34 = PaI35 Paχ34(k), Paχ35(k) k = 0, . . . , q
2 − 2 q2 − 1
PaI36 = PaI37 Paχ36, Paχ37 1
PaI38 = PaI39 Paχ38(k), Paχ39(k), k = 1, . . . , q
2 q2
= PaI40 Paχ40(k)
PbI1 = .. = PbI4 Pbχ1(k), .., Pbχ4(k) k = 0, . . . , q
2 − 2 q2 − 1
PbI5 Pbχ5(k, l) k, l = 0, . . . , q
2 − 2 {(k, l) ≡ q4−3q2+2
2
l 6= 0 (k,−l)}
PbI6 Pbχ6(k) k = 0, .., φ1φ2φ
′
8−1 {k ≡ q2k ≡ 14 (q4 +
√
2q3
φ′8 ∤ k a
′k ≡ b′k} −q2 −√2q)
PbI7 Pbχ7(k) k = 0, .., φ1φ2φ
′′
8−1 {k ≡ q2k ≡ 14 (q4 −
√
2q3
φ′′8 ∤ k a
′′k ≡ b′′k} −q2 +√2q)
PbI8 Pbχ8(k) k = 0, . . . , q
2 − 2 q2 − 1
PbI9 = PbI10 Pbχ9, Pbχ10, 1
= PbI11 Pbχ11
PbI12 Pbχ12(k) k = 0, . . . , q
2 − 2 q2 − 1
PbI13 = PbI14 Pbχ13, Pbχ14, 1
= PbI15 Pbχ15
PbI16 Pbχ16(k) k = 0, . . . , q
2 − 2 {k ≡ −k} q2−2
2
k 6= 0
PbI17 = .. = PbI20 Pbχ17, . . . , Pbχ20 1
PbI21 Pbχ21(k) k = 0, .., q
2 −√2q {k ≡ −k ≡ q2−
√
2q
4
k 6= 0 q2k ≡ −q2k}
PbI22 = .. = PbI25 Pbχ22, . . . , Pbχ25 1
PbI26 Pbχ26(k) k = 0, .., q
2 +
√
2q {k ≡ −k ≡ q2+
√
2q
4
k 6= 0 q2k ≡ −q2k}
PbI27 = PbI28 Pbχ27(k), Pbχ28(k) k = 0, . . . , q
2 − 2 q2 − 1
PbI29 = .. = PbI35 Pbχ29, . . . , Pbχ35 1
PbI36 Pbχ36(k) k = 1, . . . , 4 · q
2−2
6
4 · q2−2
6
PbI37 Pbχ37(k) k = 1, . . . , 4 · q
2−2
2
4 · q2−2
2
PbI38 Pbχ38(k) k = 1, . . . ,
q2+1
3
q2+1
3
PbI39 Pbχ39 1
PbI40 Pbχ40(k) k = 0, . . . , q
2 − 2 q2 − 1
PbI41 Pbχ41 1
PbI42 Pbχ42(k) k = 1, . . . , q
2 q2
PbI43 = .. = PbI46 Pbχ43, . . . , Pbχ46 1
PbI47 Pbχ47(k) k = 0, . . . , q
2 − 2 {k ≡ −k} q2−2
2
k 6= 0
PbI48 Pbχ48(k) k = 0, .., q
2 +
√
2q {k ≡ −k ≡ q2+
√
2q
4
k 6= 0 q2k ≡ −q2k}
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Table A.1 (cont.) Parameter sets for irreducible characters.
Parameter Set Characters Parameters Equivalence Number of
Relation Characters
PbI49 Pbχ49(k) k = 0, . . . , q
2 −√2q {k ≡ −k ≡ q2−
√
2q
4
k 6= 0 q2k ≡ −q2k}
PbI50 = .. = PbI53 Pbχ50, .., Pbχ53 1
PbI54 Pbχ54(k) k = 0, . . . , q
2 − 2 {k ≡ −k} q2−2
2
k 6= 0
PbI55 Pbχ55(k) k = 0, . . . , q
2 +
√
2q {k ≡ −k ≡ q2+
√
2q
4
k 6= 0 q2k ≡ −q2k}
PbI56 Pbχ56(k) k = 0, . . . , q
2 −√2q {k ≡ −k ≡ q2−
√
2q
4
k 6= 0 q2k ≡ −q2k}
Table A.2 The irreducible characters of the chain normalizers of defect 11n+ 6.
Group Character Degree Parameter Number Class
G χ19
q13√
2
φ1φ2φ
2
4φ12 GI19 1 c1,3
χ20
q13√
2
φ1φ2φ
2
4φ12 GI20 1 c1,3
Pb Pbχ46
q13√
2
φ1φ2 PbI46 1 c1,9
Pbχ53
q13√
2
φ1φ2 PbI53 1 c1,9
Table A.3 The irreducible characters of the chain normalizers of defect 14n+ 7.
Group Character Degree Parameter Number Class
G χ18 q
10φ12φ24 GI18 1
Pa Paχ31 q
10φ1φ2 PaI31 1
Table A.4 The irreducible characters of the chain normalizers of defect 14n+ 8.
Group Character Degree Parameter Number Class
B Bχ55
1
2
q10φ21φ
2
2 BI55 1 c1,57, c1,62
Bχ56
1
2
q10φ21φ
2
2 BI56 1 c1,57, c1,62
Bχ57
1
2
q10φ21φ
2
2 BI57 1 c1,57, c1,62
Bχ58
1
2
q10φ21φ
2
2 BI58 1 c1,57, c1,62
Pb Pbχ44
1
2
q10φ21φ
2
2 PbI44 1 c1,31, c1,33
Pbχ45
1
2
q10φ21φ
2
2 PbI45 1 c1,31, c1,33
Pbχ51
1
2
q10φ21φ
2
2 PbI51 1 c1,31, c1,33
Pbχ52
1
2
q10φ21φ
2
2 PbI52 1 c1,31, c1,33
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Table A.5 The irreducible characters of the chain normalizers of defect 15n+ 8.
Group Character Degree Parameter Number Class
B Bχ51(k)
q9√
2
φ1φ2 BI51 q
2 − 1 c5,0(i), c5,2(i)
Bχ52(k)
q9√
2
φ1φ2 BI52 q
2 − 1 c5,0(i), c5,2(i)
Bχ53
q9√
2
φ21φ
2
2 BI53 1 c1,12
Bχ54
q9√
2
φ21φ
2
2 BI54 1 c1,12
Pb Pbχ43
q9√
2
φ1φ2 PbI43 1 c1,9
Pbχ47(k)
q9√
2
φ1φ2φ8 PbI47
1
2
(q2 − 2) c5,0(i), c5,2(i)
Pbχ48(k)
q9√
2
φ21φ
2
2φ
′′
8 PbI48
1
4
(q2 +
√
2q) c10,0(i), c10,2(i)
Pbχ49(k)
q9√
2
φ21φ
2
2φ
′
8 PbI49
1
4
(q2 −√2q) c8,0(i), c8,2(i)
Pbχ50
q9√
2
φ1φ2 PbI50 1 c1,9
Pbχ54(k)
q9√
2
φ1φ2φ8 PbI54
1
2
(q2 − 2) c5,0(i), c5,2(i)
Pbχ55(k)
q9√
2
φ21φ
2
2φ
′′
8 PbI55
1
4
(q2 +
√
2q) c10,0(i), c10,2(i)
Pbχ56(k)
q9√
2
φ21φ
2
2φ
′
8 PbI56
1
4
(q2 −√2q) c8,0(i), c8,2(i)
Table A.6 The irreducible characters of the chain normalizers of defect 16n+ 8.
Group Character Degree Parameter Number Class
B Bχ42(k) q
8φ1φ2 BI42 q
2 − 1 c9,0(i)
Bχ43 q
8φ21φ
2
2 BI43 1 c1,2
Bχ50(k) q
8φ21φ
2
2 BI50 q
2
Pa Paχ30 q
8φ1φ2 PaI30 1
Paχ32(k) q
8φ1φ2φ4 PaI32
q2−2
2
c6,0(i)
Paχ33(k) q
8φ21φ
2
2 PaI33
q2
2
c9,0(i)
Paχ40(k) q
8φ21φ
2
2φ4 PaI40 q
2
Table A.7 The irreducible characters of the chain normalizers of defect 17n+ 9.
Group Character Degree Parameter Number Class
B Bχ44(k)
q7√
2
φ1φ2 BI44 q
2 − 1 c6,0(i), c6,2(i)
Bχ45(k)
q7√
2
φ1φ2 BI45 q
2 − 1 c6,0(i), c6,2(i)
Bχ46
q7√
2
φ21φ
2
2 BI46 1 c1,9
Bχ47
q7√
2
φ21φ
2
2 BI47 1 c1,9
Bχ48(k)
q7√
2
φ21φ
2
2 BI48 q
2
Bχ49(k)
q7√
2
φ21φ
2
2 BI49 q
2
Pa Paχ34(k)
q7√
2
φ1φ2φ4 PaI34 q
2 − 1 c4,0(i), c4,2(i)
Paχ35(k)
q7√
2
φ1φ2φ4 PaI35 q
2 − 1 c4,0(i), c4,2(i)
Paχ36
q7√
2
φ21φ
2
2φ4 PaI36 1 c1,7
Paχ37
q7√
2
φ21φ
2
2φ4 PaI37 1 c1,7
Paχ38(k)
q7√
2
φ21φ
2
2φ4 PaI38 q
2
Paχ39(k)
q7√
2
φ21φ
2
2φ4 PaI39 q
2
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Table A.8 The irreducible characters of the chain normalizers of defect 18n+ 9.
Group Character Degree Parameter Number Class
G χ31 q
6φ1φ2φ
2
8φ24 GI31 1
B Bχ38 q
6φ21φ
2
2 BI38 1 c1,4
Bχ39(k) q
6φ1φ2 BI39 q
2 − 1 c8,0(i)
Bχ40 q
6φ21φ
2
2 BI40 1 c1,4
Bχ41(k) q
6φ21φ
2
2 BI41 q
2
Pa Paχ29 q
6φ21φ
2
2φ4 1
Pb Pbχ39 q
6φ21φ
2
2φ8 PbI39 1 c1,3
Pbχ40(k) q
6φ1φ2φ8 PbI40 q
2 − 1 c6,0(i)
Pbχ41 q
6φ21φ
2
2φ8 PbI41 1 c1,3
Pbχ42(k) q
6φ21φ
2
2φ8 PbI42 q
2
Table A.9 The irreducible characters of the chain normalizers of defect 20n+ 10.
Group Character Degree Parameter Number Class
G χ15
1
3
q4φ21φ
2
2φ
2
4φ
2
8 GI15 1 c5,3
χ16
1
3
q4φ21φ
2
2φ
2
4φ
2
8 GI16 1 c5,3
χ17
1
3
q4φ21φ
2
2φ12φ24 GI17 1
χ25(k) q
4φ24φ8φ12φ24 GI25
1
2
(q2 − 2) c2,0(i)
χ45(k) q
4φ1φ2φ
2
4φ
′
8φ12φ24 GI45
1
4
(q2 −√2q) c8,2(i)
χ49(k) q
4φ1φ2φ
2
4φ
′′
8φ12φ24 GI49
1
4
(q2 +
√
2q) c10,2(i)
B Bχ11(k) q
4φ1φ2 BI11 q
2 − 1 c5,0(i)
Bχ12(k) q
4φ1φ2 BI12 q
2 − 1 c6,0(i)
Bχ23(k) q
4φ1φ2 BI23 q
2 − 1 c7,0(i)
Bχ24 q
4φ21φ
2
2 BI24 1 c1,12
Bχ25(k) q
4φ21φ
2
2 BI25 q
2
Bχ34 q
4φ21φ
2
2 BI34 1 c1,12
Bχ37(k) q
4φ21φ
2
2 BI37
1
3
(q2 + 1)
Pa Paχ12(k) q
4φ1φ2φ4 PaI12 q
2 − 1 c4,0(i)
Paχ18
q4
3
φ21φ
2
2φ4 PaI18 1 c8,3
Paχ19
q4
3
φ21φ
2
2φ4 PaI19 1 c8,3
Paχ20
q4
3
φ21φ
2
2φ4 PaI20 1 c8,0
Paχ26(k) q
4φ1φ2φ4 PaI26 q
2 − 1 c5,0(i)
Paχ27 q
4φ21φ
2
2φ4 PaI27 1
Paχ28(k) q
4φ21φ
2
2φ4 PaI28 q
2
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Table A.9 (cont.) Irreducible characters of the chain normalizers of defect 20n+10.
Group Character Degree Parameter Number Class
Pb Pbχ4(k) q
4
PbI4 q
2 − 1 c2,0(i)
Pbχ16(k) q
4φ1φ2φ8 PbI16
1
2
(q2 − 2) c5,0(i)
Pbχ21(k) q
4φ21φ
2
2φ
′
8 PbI21
1
4
(q2 −√2q) c8,0(i)
Pbχ26(k) q
4φ21φ
2
2φ
′′
8 PbI26
1
4
(q2 +
√
2q) c10,0(i)
Pbχ35 q
4φ21φ
2
2φ8 PbI35 1
Pbχ38(k) q
4φ21φ
2
2φ8 PbI38
1
3
(q2 + 1)
Table A.10 The irreducible characters of the chain normalizers of defect 20n+ 11.
Group Character Degree Parameter Number Class
G χ7
q4
2
φ28φ24 GI7 1
χ10
q4
6
φ21φ
2
2φ
2
4φ24 GI10 1
B Bχ13
q4
2
φ21φ
2
2 BI13 1 c1,5, c1,38
Bχ14
q4
2
φ21φ
2
2 BI14 1 c1,5, c1,38
Bχ30
q4
2
φ21φ
2
2 BI30 1 c1,17, c1,54
Bχ31
q4
2
φ21φ
2
2 BI31 1 c1,17, c1,54
Bχ32
q4
2
φ21φ
2
2 BI32 1 c1,17, c1,54
Bχ33
q4
2
φ21φ
2
2 BI33 1 c1,17, c1,54
Bχ35(k)
q4
2
φ21φ
2
2 BI35
1
3
(2q2 − 4)
Bχ36(k)
q4
2
φ21φ
2
2 BI36 2q
2 − 4
Pa Paχ13
q4
2
φ21φ
2
2φ4 PaI13 1
Paχ25
q4
6
φ21φ
2
2φ4 PaI25 1
Pb Pbχ14
q4
2
φ1φ2φ8 PbI14 1 c1,14
Pbχ15
q4
2
φ1φ2φ8 PbI15 1 c1,14
Pbχ31
q4
2
φ21φ
2
2φ8 PbI31 1 c1,6, c1,30
Pbχ32
q4
2
φ21φ
2
2φ8 PbI32 1 c1,6, c1,30
Pbχ33
q4
2
φ21φ
2
2φ8 PbI33 1 c1,6, c1,30
Pbχ34
q4
2
φ21φ
2
2φ8 PbI34 1 c1,6, c1,30
Pbχ36(k)
q4
2
φ21φ
2
2φ8 PbI36
1
3
(2q2 − 4)
Pbχ37(k)
q4
2
φ21φ
2
2φ8 PbI37 2q
2 − 4
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Table A.11 The irreducible characters of the chain normalizers of defect 20n+ 12.
Group Character Degree Parameter Number Class
G χ5
q4
4
φ24φ
′′2
8 φ12φ
′
24 GI5 1
χ6
q4
4
φ24φ
′2
8 φ12φ
′′
24 GI6 1
χ8
q4
12
φ21φ
2
2φ
′2
8 φ12φ
′
24 GI8 1
χ9
q4
12
φ21φ
2
2φ
′′2
8 φ12φ
′′
24 GI9 1
χ11
q4
4
φ21φ
2
2φ
2
4φ12φ
′′
24 GI11 1 c1,3
χ12
q4
4
φ21φ
2
2φ
2
4φ12φ
′′
24 GI12 1 c1,3
χ13
q4
4
φ21φ
2
2φ
2
4φ12φ
′
24 GI13 1 c1,3
χ14
q4
4
φ21φ
2
2φ
2
4φ12φ
′
24 GI14 1 c1,3
B Bχ15
q4
4
φ21φ
2
2 BI15 1 c1,23, c1,38, c1,54
Bχ16
q4
4
φ21φ
2
2 BI16 1 c1,23, c1,38, c1,54
Bχ17
q4
4
φ21φ
2
2 BI17 1 c1,23, c1,38, c1,54
Bχ18
q4
4
φ21φ
2
2 BI18 1 c1,23, c1,38, c1,54
Bχ19
q4
4
φ21φ
2
2 BI19 1 c1,23, c1,38, c1,54
Bχ20
q4
4
φ21φ
2
2 BI20 1 c1,23, c1,38, c1,54
Bχ21
q4
4
φ21φ
2
2 BI21 1 c1,23, c1,38, c1,54
Bχ22
q4
4
φ21φ
2
2 BI22 1 c1,23, c1,38, c1,54
Pa Paχ14
q4
4
φ21φ
2
2φ4 PaI14 1 c1,37, c1,39
Paχ15
q4
4
φ21φ
2
2φ4 PaI15 1 c1,37, c1,39
Paχ16
q4
4
φ21φ
2
2φ4 PaI16 1 c1,37, c1,39
Paχ17
q4
4
φ21φ
2
2φ4 PaI17 1 c1,37, c1,39
Paχ21
q4
4
φ21φ
2
2φ4 PaI21 1 c1,39
Paχ22
q4
4
φ21φ
2
2φ4 PaI22 1 c1,39
Paχ23
q4
12
φ21φ
2
2φ4 PaI23 1 c1,18
Paχ24
q4
12
φ21φ
2
2φ4 PaI24 1 c1,18
Pb Pbχ17
q4
4
φ21φ
2
2φ
′
8 PbI17 1 c1,14, c1,30
Pbχ18
q4
4
φ21φ
2
2φ
′
8 PbI18 1 c1,14, c1,30
Pbχ19
q4
4
φ21φ
2
2φ
′
8 PbI19 1 c1,14, c1,30
Pbχ20
q4
4
φ21φ
2
2φ
′
8 PbI20 1 c1,14, c1,30
Pbχ22
q4
4
φ21φ
2
2φ
′′
8 PbI22 1 c1,14, c1,30
Pbχ23
q4
4
φ21φ
2
2φ
′′
8 PbI23 1 c1,14, c1,30
Pbχ24
q4
4
φ21φ
2
2φ
′′
8 PbI24 1 c1,14, c1,30
Pbχ25
q4
4
φ21φ
2
2φ
′′
8 PbI25 1 c1,14, c1,30
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Table A.12 The irreducible characters of the chain normalizers of defect 21n+ 11.
Group Character Degree Parameter Number Class
B Bχ26(k)
q3√
2
φ1φ2 BI26 q
2 − 1 c4,0(i), c4,2(i)
Bχ27(k)
q3√
2
φ1φ2 BI27 q
2 − 1 c4,0(i), c4,2(i)
Bχ28
q3√
2
φ21φ
2
2 BI28 1 c1,17
Bχ29
q3√
2
φ21φ
2
2 BI29 1 c1,17
Pb Pbχ27(k)
q3√
2
φ1φ2φ8 PbI27 q
2 − 1 c4,0(i), c4,2(i)
Pbχ28(k)
q3√
2
φ1φ2φ8 PbI28 q
2 − 1 c4,0(i), c4,2(i)
Pbχ29
q3√
2
φ21φ
2
2φ8 PbI29 1 c1,6
Pbχ30
q3√
2
φ21φ
2
2φ8 PbI30 1 c1,6
Table A.13 The irreducible characters of the chain normalizers of defect 22n+ 11.
Group Character Degree Parameter Number Class
G χ4 q
2φ12φ24 GI4 1
χ27(k) q
2φ4φ
2
8φ12φ24 GI27
1
2
(q2 − 2) c2,0(i)
χ30 q
2φ21φ
2
2φ
2
8φ24 GI30 1
χ33(k) q
2φ1φ2φ
2
8φ12φ24 GI33
1
2
(q2 − 2) c6,0(i)
B Bχ9(k) q
2φ1φ2 BI9 q
2 − 1 c4,0(i)
Bχ10 q
2φ21φ
2
2 BI10 1
Pa Paχ2(k) q
2
PaI2 q
2 − 1 c2,0(i)
Paχ11 q
2φ21φ
2
2φ4 PaI11 1
Pb Pbχ12(k) q
2φ1φ2φ8 PbI12 q
2 − 1 c4,0(i)
Pbχ13 q
2φ21φ
2
2φ8 PbI13 1
Table A.14 The irreducible characters of the chain normalizers of defect 23n+ 12.
Group Character Degree Parameter Number Class
G χ2
q√
2
φ1φ2φ
2
4φ12 GI2 1 c1,4
χ3
q√
2
φ1φ2φ
2
4φ12 GI3 1 c1,4
χ23(k)
q√
2
φ1φ2φ
2
4φ8φ12φ24 GI23
1
2
(q2 − 2) c2,0(i), c2,2(i)
χ24(k)
q√
2
φ1φ2φ
2
4φ8φ12φ24 GI24
1
2
(q2 − 2) c2,0(i), c2,2(i)
χ43(k)
q√
2
φ21φ
2
2φ
2
4φ
′
8φ12φ24 GI43
1
4
(q2 −√2q) c1,11, c8,2(i)
χ44(k)
q√
2
φ21φ
2
2φ
2
4φ
′
8φ12φ24 GI44
1
4
(q2 −√2q) c1,11, c8,2(i)
χ47(k)
q√
2
φ21φ
2
2φ
2
4φ
′′
8φ12φ24 GI47
1
4
(q2 +
√
2q) c1,11, c10,2(i)
χ48(k)
q√
2
φ21φ
2
2φ
2
4φ
′′
8φ12φ24 GI48
1
4
(q2 +
√
2q) c1,11, c10,2(i)
B Bχ3(k)
q√
2
φ1φ2 BI3 q
2 − 1 c2,0(i), c2,2(i)
Bχ4(k)
q√
2
φ1φ2 BI4 q
2 − 1 c2,0(i), c2,2(i)
Bχ6
q√
2
φ21φ
2
2 BI6 1 c1,54
Bχ7
q√
2
φ21φ
2
2 BI7 1 c1,54
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Table A.14 (cont.) Irreducible characters of the chain normalizers of defect 23n+12.
Group Character Degree Parameter Number Class
Pa Paχ7(k)
q√
2
φ1φ2φ4 PaI7 q
2 − 1 c3,0(i), c3,2(i)
Paχ8(k)
q√
2
φ1φ2φ4 PaI8 q
2 − 1 c3,0(i), c3,2(i)
Paχ9
q√
2
φ21φ
2
2φ4 PaI9 1 c1,12
Paχ10
q√
2
φ21φ
2
2φ4 PaI10 1 c1,12
Pb Pbχ2(k)
q√
2
φ1φ2 PbI2 q
2 − 1 c2,0(i), c2,2(i)
Pbχ3(k)
q√
2
φ1φ2 PbI3 q
2 − 1 c2,0(i), c2,2(i)
Pbχ9
q√
2
φ21φ
2
2φ8 PbI9 1 c1,30
Pbχ10
q√
2
φ21φ
2
2φ8 PbI10 1 c1,30
Table A.15 The irreducible characters of the chain normalizers of defect 24n+ 12.
(The parameter set GI
ss parameterizes the semisimple irreducible characters of G.)
Group Character Degree Parameter Number Class
G GI
ss q4
B Bχ1(k, l) 1 BI1 (q
2 − 1)2 c10,0(i, j)
Bχ2(k) φ1φ2 BI2 q
2 − 1 c2,0(i)
Bχ5(k) φ1φ2 BI5 q
2 − 1 c3,0(i)
Bχ8 φ
2
1φ
2
2 BI8 1
Pa Paχ1(k) 1 PaI1 q
2 − 1 c2,0(i)
Paχ3(k, l) φ4 PaI3
q4−3q2+2
2
c7,0(i, j)
Paχ4(k) φ1φ2 PaI4
q4−q2
2
c2,0(i)
Paχ5(k) φ1φ2φ4 PaI5 q
2 − 1 c3,0(i)
Paχ6 φ
2
1φ
2
2φ4 PaI6 1
Pb Pbχ1(k) 1 PbI1 q
2 − 1 c2,0(i)
Pbχ5(k, l) φ8 PbI5
1
2
(q4 − 3q2 + 2) c7,0(i, j)
Pbχ6(k) φ1φ2φ
′′
8 PbI6
1
4
(q4 +
√
2q3 − q2 −√2q) c11,0(i)
Pbχ7(k) φ1φ2φ
′
8 PbI7
1
4
(q4 −√2q3 − q2 +√2q) c9,0(i)
Pbχ8(k) φ1φ2φ8 PbI8 q
2 − 1 c3,0(i)
Pbχ11 φ
2
1φ
2
2φ8 PbI11 1
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Table A.16 Number of fixed points of H = 〈αt〉 on parameter sets of the irreducible
characters. The unions of parameter sets in this table are disjoint unions.
Parameter set I Number of fixed
points |CI(H)|
GI
ss 22t
GI2 ∪ GI3 2
GI4 ∪ GI30 2
GI5 ∪ GI6 ∪ GI8 ∪ GI9 ∪ GI11 ∪ GI12 ∪ GI13 ∪ GI14 8
GI7 ∪ GI10 2
GI17 1
GI18 1
GI19 ∪ GI20 2
GI23 ∪ GI43 ∪ GI47 2t − 1
GI24 ∪ GI44 ∪ GI48 2t − 1
GI25 ∪ GI45 ∪ GI49 2t − 1
GI27 ∪ GI33 2t − 2
GI31 1
BI1 (2
t − 1)2
BI2 2
t − 1
BI3 2
t − 1
BI4 2
t − 1
BI5 2
t − 1
BI6 ∪ BI7 2
BI8 1
BI9 2
t − 1
BI10 1
BI11 2
t − 1
BI12 2
t − 1
BI13 ∪ BI14 2
BI15 ∪ BI16 ∪ BI17 ∪ BI18 ∪ BI19 ∪ BI20 ∪ BI21 ∪ BI22 8
BI23 2
t − 1
BI26 2
t − 1
BI27 2
t − 1
BI28 ∪ BI29 2
BI39 2
t − 1
BI42 2
t − 1
BI43 1
BI44 2
t − 1
BI45 2
t − 1
BI51 2
t − 1
BI52 2
t − 1
BI53 ∪ BI54 2
BI55 ∪ BI56 ∪ BI57 ∪ BI58 4
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Table A.16 (cont.) Number of fixed points of H = 〈αt〉 on parameter sets of the
irreducible characters.
Parameter set I Number of fixed
points |CI(H)|
PaI1 2
t − 1
PaI2 2
t − 1
PaI3 ∪ PaI4 (2t − 1)2
PaI5 2
t − 1
PaI6 1
PaI7 2
t − 1
PaI8 2
t − 1
PaI9 ∪ PaI10 2
PaI11 1
PaI12 2
t − 1
PaI13 ∪ PaI25 2
PaI14 ∪ PaI15 ∪ PaI16 ∪ PaI17 ∪ PaI21 ∪ PaI22 ∪ PaI23 ∪ PaI24 8
PaI20 1
PaI26 2
t − 1
PaI29 1
PaI30 1
PaI31 1
PaI32 ∪ PaI33 2t − 1
PaI34 2
t − 1
PaI35 2
t − 1
PbI1 2
t − 1
PbI2 2
t − 1
PbI3 2
t − 1
PbI4 2
t − 1
PbI5 ∪ PbI6 ∪ PbI7 (2t − 1)2
PbI8 2
t − 1
PbI9 ∪ PbI10 2
PbI11 1
PbI12 2
t − 1
PbI13 1
PbI14 ∪ PbI15 2
PbI16 ∪ PbI21 ∪ PbI26 2t − 1
PbI17 ∪ PbI18 ∪ PbI19 ∪ PbI20 ∪ PbI22 ∪ PbI23 ∪ PbI24 ∪ PbI25 8
PbI27 2
t − 1
PbI28 2
t − 1
PbI29 ∪ PbI30 2
PbI40 2
t − 1
PbI43 ∪ PbI50 2
PbI44 ∪ PbI45 ∪ PbI51 ∪ PbI52 4
PbI46 ∪ PbI53 2
PbI47 ∪ PbI48 ∪ PbI49 2t − 1
PbI54 ∪ PbI55 ∪ PbI56 2t − 1
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Appendix B
The irreducible characters of the simple Ree groups 2F 4(q
2) were computed by
G. Malle, see [25] and the CHEVIE library [14]. However, it seems that 10 families of
irreducible characters of 2F 4(q
2) have never been published. We give a brief sketch
of the construction of these irreducible characters using techniques from Deligne-
Lusztig theory. We proceed very much along the same line as F. Lu¨beck [24]. For
many of our calculations we used CHEVIE and GAP [13]. We have implemented the
completed character table of 2F 4(q
2) as a generic character table in CHEVIE, and
whenever we write Gχi(k, . . . ) we mean the character of
2F 4(q
2) which is labeled
by χi(k, . . . ) in this CHEVIE table. The tables in this Appendix might also be of
independent interest; Tables B.9 and B.10 are also used in [15].
Notation and setup. We fix an integer n > 0 and set θ = 2n and q :=
√
22n+1 ∈
R>0. Let Fq2 be a finite field with q
2 elements, F its algebraic closure. To describe
our calculations, we fix a simple algebraic group G of adjoint type F4 defined
over F. Up to isomorphism of algebraic groups, G is determined by a root datum
(X,Φ, Y,Φ∨), see Section 1.9 in [7]:
Let X = Y = Z4 be free abelian groups of rank 4 and let 〈·, ·〉 : X × Y → Z,
(x, y) 7→ xytr be the natural pairing. Let {eˆ1, eˆ2, eˆ3, eˆ4} and {e1, e2, e3, e4} be the
standard bases of X and Y , respectively. We can describe the root system Φ and
the coroot system Φ∨ by giving a set ∆ = {r1, r2, r3, r4} ⊆ X of simple roots and
a set ∆∨ = {r∨1 , r∨2 , r∨3 , r∨4 } ⊆ Y of simple coroots. We write r1, r2, r3, r4 as rows of
a matrix A and r∨1 , r
∨
2 , r
∨
3 , r
∨
4 as rows of a matrix A
∨:
A =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 and A∨ =

2 −1 0 0
−1 2 −1 0
0 −2 2 −1
0 0 −1 2
 .
So, the Cartan matrix 〈ri, r∨j 〉 is equal to A∨ and we see that the Dynkin diagram
of Φ is
s s s s❍
✟
r1 r2 r3 r4
To define a Frobenius morphism F : G→ G it is enough to describe the induced
action of F on X in the form q ·F0 where q is as above and F0 is the automorphism
of the vector space V = X ⊗ZR given by (x1, x2, x3, x4) 7→ ( x4√2 ,
x3√
2
, 2x2√
2
, 2x1√
2
). This
determines 2F 4(q
2) := GF up to isomorphism.
A realization of the group G with Frobenius map F is described in [17] and [28]
(and originally in [27]): Let V be a Euclidean vector space with scalar product (·, ·),
let {ε1, ε2, ε3, ε4} be an orthonormal basis of V and let Φ be the set consisting of
the 48 vectors
εi , εi + εj ,
1
2
(εi + εj + εk + εl),
where i, j, k, l ∈ {±1,±2,±3,±4}, |i|, |j|, |k|, |l| are different and ε−i = −εi for all i.
The set Φ is a root system of type F4 and the set ∆ := {r1, r2, r3, r4} with the
simple roots r1 := ε2 − ε3 , r2 := ε3 − ε4 , r3 := ε4 , r4 := 12 (ε1 − ε2 − ε3 − ε4) is a
basis of Φ. For each r ∈ Φ, we define the corresponding coroot r∨ := 2r(r,r) . Then,
Φ∨ := {r∨ | r ∈ Φ} is a root system of type F4 with basis {r∨1 , r∨2 , r∨3 , r∨4 }. The
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Weyl group W is the group generated by wr1 , wr2 , wr3 , wr4 , the reflections at the
hyperplane orthogonal to the simple roots.
Let G be the simple algebraic group over F of adjoint type with Frobenius
morphism F : G → G, maximal F -stable torus T and root system Φ which is
described in [17] and [28]. In [7, Section 1.9] it is shown how the character group X
and the cocharacter group Y of the torus T are endowed with a natural pairing 〈·, ·〉
and how Φ and Φ∨ can be naturally embedded into X and Y , respectively. This
gives a root datum (X,Φ, Y,Φ∨) with the properties described at the beginning of
this section.
The elements of the maximal torus T can be parameterized as follows: There
is a natural isomorphism between the abelian groups T and Hom(X,F×) (see [7,
Section 1.11 and Proposition 3.1.2 (i)]) and we write h(z1, z2, z3, z4) for the element
of T corresponding to χ ∈ Hom(X,F×) with χ(εi) = zi (i = 1, 2, 3, 4).
We mention that there is an alternative parameterization of the elements of T
(which in fact we use for our GAP-programs): By [7, Proposition 3.1.2 (ii)], we have
T ∼= Y ⊗ F× as abelian groups. Every element of Y ⊗ F× can be written uniquely
as
∑4
i=1 ei ⊗ λi with λi ∈ F× and we write (λ1, λ2, λ3, λ4) for the corresponding
element of T. The maps transforming one parameterization into the other are given
by:
(λ1, λ2, λ3, λ4) 7→ h(λ1λ22λ33λ24, λ1λ2λ3, λ2λ3, λ3) and
h(z1, z2, z3, z4) 7→ (z2z−13 , z3z−14 , z4, (z1z−12 z−13 z−14 )1/2).
TheWeyl groupW is isomorphic withNG(T)/T and so acts onT by conjugation
which also induces an action of W on X and on Y , see [24]. The action of W on X
and Y can be determined by the formulas in [7, p. 19]. Once we know the action
of W on X , we can also describe the action on T via T ∼= Hom(X,F×). These
actions are given in Table B.1.
Finally, we mention that [17, Section 2] provides generators and relations for
the group G. Using GAP programs written by Christoph Ko¨hler and the first
author in the language of the CHEVIE package, this enables us to carry out explicit
computations in the groups G and GF = 2F 4(q
2).
Maximal tori. Every semisimple element s ∈ GF is contained in an F -stable
maximal torus T˜ of G, see [12, Corollary 3.16]. Suppose T˜ is such an F -stable
maximal torus of G. We choose some g ∈ G such that T˜g = T and we have
n := g−1F (g) ∈ NG(T). The action of F on T˜ corresponds to the action of
(Fn−1) : T → T, t 7→ nF (t) (in the sense F (t˜)g = nF (t˜g)). Since T is abelian
we also write (Fw−1) : T → T, t 7→ wF (t) where w := nT ∈ W. The map
T˜ 7→ w := nT induces a bijection between the GF -conjugacy classes of the F -
stable maximal tori of G and the F -conjugacy classes of the Weyl group W, for
details see [7, Section 3.3]. A set of representatives wi for the F -conjugacy classes
ofW and the corresponding subgroups TFw
−1
of fixed points were computed in [28,
§3]. A list of these representatives, the order of the corresponding F -centralizers
and the maximal tori T (Fw
−1
i
) are given in Table B.2. Parameters for the elements
of T (Fw
−1
i ) can be found in Table B.3, where we describe field elements using the
notation in [17, Table 5].
Let (X,Φ, Y,Φ∨) be the root datum of G described at the beginning of this
appendix. So the dual group G∗ is a connected reductive group with root datum
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(Y,Φ∨, X,Φ). The action of F on X and Y gives rise to a Frobenius morphism
F ∗ : G∗ → G∗ which determines the finite group G∗F∗ up to isomorphism.
A maximal F ∗-stable torus of G∗ is isomorphic with X ⊗Z F× and, via the
isomorphism ϕ1 from [17, Section 2], also isomorphic with X ⊗Z Qp′/Z. Using the
Z-basis {eˆ1, eˆ2, eˆ3, eˆ4} of X , every element of X ⊗Z Qp′/Z can be written as
s(µ1, µ2, µ3, µ4) :=
4∑
i=1
eˆi ⊗ µi with µi ∈ Qp′/Z.
The action of F ∗ on T∗ is induced by the action of F on X
F ∗(s(µ1, µ2, µ3, µ4)) = s(θµ4, θµ3, 2θµ2, 2θµ1).
Similarly, the action of W on X induces an action of W on T∗. This enables us to
compute the fixed point groups T∗F
∗
i := (X⊗ZQp′/Z)(wiF ), where wi runs through
the representatives wi for the F -conjugacy classes of W. In this way, we get the
parameterization of the maximal tori of G∗F
∗
which is described in Table B.4.
For each i, the maximal torus T∗F
∗
i of the dual group is isomorphic with the
group of linear characters of the torus TFi of G
F and this isomorphism can be
calculated explicitly as in [24, p. 23]. Applying this isomorphism we get the results
in Table B.5. These linear characters will be used to parameterize the Lusztig series
of irreducible characters of GF .
Conjugacy classes. We say that two semisimple elements s1, s2 ∈ GF are in the
same class type if their centralizers CG(s1) and CG(s2) areG
F -conjugate. A subset
Ψ ⊆ Φ is called a closed subsystem if ZΨ ∩ Φ = Ψ. Let M be the set of all pairs
(Π, w) such that Π is a set of simple roots for a closed subsystem of Φ and w is
an element of W such that Π is (Fw−1)-invariant. We call (Π1, w1), (Π2, w2) ∈M
equivalent if and only if there is some v ∈W such that Π1v = Π2 and v−1w1F (v) =
w2 and let M¯ be the set of equivalence classes. The semisimple class types of G
F
can be parameterized by a subset of M¯ , see [23, Section III.4].
A set of representatives for the semisimple conjugacy classes ofGF was computed
by K. Shinoda, see [28, Table IV], and is given in Table B.7. The semisimple class
types of GF are listed in Table B.6. The data in these tables can be obtained by
the methods described in [23, Section III.4] and [24, Section 4.1]. The notation
for the positive roots ri in Table B.6 is defined in [17, Section 2]. Analogously,
we can compute the semisimple class types and representatives for the semisimple
conjugacy classes of G∗F
∗
given in Tables B.9 and B.10. We just have to use the
dual torus T∗ instead of T and the coroots instead of the roots.
Representatives for the unipotent and mixed conjugacy classes were calculated
by K. Shinoda, see [28, Tables II and V] and are given in Table B.8. They can be
obtained by explicit computations in GF using the relations in [17, Tables 1-4].
Lusztig series and Deligne-Lusztig characters. Let Ti be one of the F -stable
maximal tori of G in Table B.3 and θ a linear character of TFi . Associated with the
pair (Ti, θ) is a generalized character R
G
Ti
θ ofGF , called Deligne-Lusztig character.
In fact, RG
Ti
θ only depends on the GF -conjugacy class of (Ti, θ). Every irreducible
character of GF occurs as a constituent of some RG
Ti
θ. Every pair (Ti, θ) can be
identified with a pair (T∗i , s) where T
∗
i is one of the F
∗-stable maximal tori of the
dual group G∗ in Table B.4 and s ∈ T∗F∗i . Two Deligne-Lusztig characters RGTiθ1
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and RG
Tj
θ2 can have a common constituent only if the corresponding semisimple ele-
ments s1, s2 ∈ G∗F∗ areG∗F∗ -conjugate (here we use that the centralizers CG∗(s1),
CG∗(s2) are connected). This induces an equivalence relation on Irr(G
F ) in a nat-
ural way. The equivalence classes E(GF , (s)) are parameterized by the semisimple
conjugacy classes (s) of G∗F
∗
and are called Lusztig series. We say, that a class
function is contained in the Lusztig series E(GF , (s)) if and only if it is in the
C-span of the irreducible characters in E(GF , (s)).
We say that two Lusztig series E(GF , (s1)), E(GF , (s2)) are of the same type if
and only if s1, s2 belong to the same semisimple class type of G
∗F∗ . So, Tables B.9
and B.10 give an overview over the Lusztig series of GF . The irreducible characters
of GF we want to construct are those in the Lusztig series of types g8, g10, g13, g14.
The values of the Deligne-Lusztig characters can be computed using the formula
given in [24, Satz 2.1 (b)]: Fix an F -stable maximal torus Ti of G and a linear
character θ of TFi . Let g be an element of G
F and g = su = us with s ∈ GF
semisimple and u ∈ GF unipotent be the Jordan decomposition of g. We write
C := CG(s) for the centralizer of g in G. Note that in our situation, C is connected
(because G is simply connected). Let Ti1, . . . ,Tir be a set of representatives for
the CF -conjugacy classes of F -stable maximal tori in C which are contained in
the GF -conjugacy class of Ti and let sir1, . . . , sirlr for 1 ≤ r ≤ k be the different
elements of the form sx with x ∈ GF such that xTi is in the CF -conjugacy class
of Tir . Then
(2) (RG
Ti
θ)(g) =
k∑
r=1
(
lr∑
t=1
θ(sirt)
)
QCTir(u)
where QCTir is the Green function of C with respect to Tir . We will only need R
G
Ti
θ
for i = 3, 4, 5, 6, 7 and arbitrary θ. The values of RG
Ti
θ for i = 3, 4, 5 can be read
off from the character table of 2F 4(q
2) in CHEVIE, see the characters −Gχ35(k),
−Gχ36(k), Gχ37(k, l) in the CHEVIE table.
So we only have to compute the values of RG
T6
θ and RG
T7
θ. For these Deligne-
Lusztig characters, the right hand side of (2) can only be non-zero if s is of class
type h1, h8, h10, h13 or h14. For these classes, C has Dynkin type
2F 4,
2B2 or A0.
So the corresponding Green functions are known, see the CHEVIE library of Green
functions.
The elements sirt can be computed from the root datum of G as it is described
in [24, p. 29, (3)]. It turns out that in the computations for RG
T6
θ and RG
T7
θ we
always have r = k = 1. This is all information which is needed to compute the
values of RG
T6
θ and RG
T7
θ via formula (2).
The Lusztig series g13 and g14 correspond to regular semisimple elements of G
∗.
This implies that RG
T6
θ and RG
T7
θ are (up to possibly a sign) irreducible characters
of GF . Considering the value on the identity element, we see that in our situation
this sign is +1. This gives us the irreducible characters Gχ50(k, l) and Gχ51(k, l)
of GF and completes the construction of all irreducible characters in the Lusztig
series of types g13, g14. However, since some values of these irreducible characters
involve sums of up to 96 roots of unity, we cannot print their values here in this
article.
Construction of irreducible characters of type g8 and g10. Our main tool
to construct the irreducible characters in the Lusztig series of types g8 and g10
DADE’S INVARIANT CONJECTURE FOR 2F4(q
2) IN DEFINING CHARACTERISTIC 31
is Lusztig’s Jordan decomposition of characters: Let Ti be an F -stable maximal
torus of G and θ a linear character of TFi and let (T
∗
i , s) be a pair corresponding
to (Ti, θ). Then, there is a bijection
L′ : E(GF , (s))→ E(CG∗(s)F∗ , (1)).
and for χ ∈ E(GF , (s)) we have the following identity of scalar products:
(3) (χ,RG
Ti
θ)GF = εG · εCG∗(s) · (L′(χ), RCG∗(s)
∗
T∗
i
1)CG∗(s)F∗
where εG, εCG∗(s) ∈ {1,−1} and 1 is the trivial character of T∗F
∗
i . The signs
εG, εCG∗(s) are defined in [7, Section 6.5] and can be computed directly from their
definition. Alternatively, since 2F 4(q
2) is isomorphic with its dual group, they can
also be read off from the values of the Steinberg character, see [7, Theorem 6.5.9].
We describe the construction of the irreducible characters ofGF in the Lusztig se-
ries of type g8. The calculations for the series of type g10 are analogous. Let g8(k) be
a representative for the semisimple conjugacy classes ofGF
∗
as in Table B.10 and let
C∗ := CG∗(g8(k)). By Table B.9 we know that C∗F
∗
has Dynkin type 2B2. So the
Jordan decomposition of characters implies that the Lusztig series E(GF , (g8(k)))
contains exactly 4 irreducible characters, one of them corresponding to the triv-
ial character, two corresponding to the cuspidal characters 2B2[a],
2B2[b] and one
corresponding to the Steinberg character for groups of type 2B2. We denote these
characters, in this order, by Gχ8,1(k), Gχ8,2(k), Gχ8,3(k), Gχ8,4(k).
As described in [24, Section 4.1 (2), (3) and Section 6] we can compute represen-
tatives for the G∗F
∗
-conjugacy classes g8(k) in the various tori T
∗
i and see that the
only maximal tori containing such representatives are T∗3, T
∗
5 and T
∗
6. We obtain
that, for fixed k, the Deligne-Lusztig characters −Gχ35((2θ3 − θ)k), Gχ37(0, k),
Gχ50(0, k) all correspond to the G
∗F∗ -conjugacy class g8(k). Using CHEVIE,
we can easily compute the norm (−Gχ35((2θ3 − θ)k),−Gχ35((2θ3 − θ)k) = 2
and, using the scalar product property (3), we can compute the scalar products
(−Gχ35((2θ3 − θ)k),Gχ8,1(k)) = (−Gχ35((2θ3 − θ)k),Gχ8,4(k)) = −1. So that we
get
−Gχ35((2θ3 − θ)k) = −Gχ8,1(k)− Gχ8,4(k).
Analogously, we obtain
Gχ37(0, k) = −Gχ8,1(k)− Gχ8,2(k)− Gχ8,3(k) + Gχ8,4(k),
Gχ50(0, k) = −Gχ8,1(k) + Gχ8,2(k) + Gχ8,3(k) + Gχ8,4(k).
So, we see that the class function
f8(k) := Gχ8,2(k)− Gχ8,3(k)
is orthogonal to the C-vector space spanned by the Deligne-Lusztig characters. By
inverting the coefficient matrix of the above linear equations, we can now write
Gχ8,1(k), . . . ,Gχ8,4(k) as linear combinations of the Deligne-Lusztig characters and
f8(k) as follows:
Gχ8,1(k)
Gχ8,2(k)
Gχ8,3(k)
Gχ8,4(k)
 = 14

−2 −1 −1 0
0 −1 1 2
0 −1 1 −2
−2 1 1 0
 ·

−Gχ35((2θ3 − θ)k)
Gχ37(0, k)
Gχ50(0, k)
f8(k)

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This already gives us all values of the irreducible characters Gχ42(k) := Gχ8,1(k)
and Gχ45(k) := Gχ8,4(k). To determine the values of the non-uniform characters
Gχ43(k), Gχ44(k) we have to compute the values of the class functions f8(k).
The class functions f8(k). To determine the values of the class function f8(k)
we use arguments similar to those in [24, Section 8]. We proceed in several steps.
Step 1: Class functions constructed from Levi subgroups.
Fix a representative h ∈ GF for the semisimple conjugacy classes of type h8 as in
Table B.7 and let L be its centralizer in G. Since the order of the representative is
not divisible by a bad prime for F4, the centralizer L is an F -stable Levi subgroup
of G.
Since LF has Dynkin type 2B2 it has two cuspidal unipotent irreducible char-
acters 2B2[a],
2B2[b] and their difference f :=
2B2[a]− 2B2[b] is a unipotent class
function of LF which is orthogonal to all Deligne-Lusztig characters of LF . Using
the notation from Table B.8, the values of f are:
Class representative h8(i)x8(1)x16(1)x21(1) h8(i)x8(1)x16(1)x24(1)
Value of f
√
2qε4 −
√
2qε4
where ε4 is a complex fourth root of unity as in [17, Table 5]. The values of f on
the remaining conjugacy classes of LF are zero.
Let L∗ ⊆ G∗ be the dual group of L. Then, L∗ is the centralizer of the semisimple
elements of G∗ of type g8. Let
g8(k) = s
(
0,
(θ − 1)k
q2 −√2q + 1 ,
−k
q2 −√2q + 1 , 0
)
be one of these elements. Since g8(k) is contained in the center of L
F∗ , we can
identify it with a linear character λ(k) of LF in a natural way, see [24, p. 69]. Using
Lusztig induction, we can define the following class functions on GF :
ψ(k) := RG
L
(f · λ(k)).
Step 2: Connection between f8(k) and ψ(k).
From [24, Lemma 8.1] and [24, Lemma 8.2] we know that ψ(k) is a generalized
character of GF in the Lusztig series g8(k) which is orthogonal to all Deligne-
Lusztig characters of GF . Since the space of class functions in the Lusztig series
g8(k) which are orthogonal to all Deligne-Lusztig characters has dimension one, it
follows that ψ(k) is a multiple of f8(k). Because ψ(k) is a generalized character
and f8 has constituents with multiplicity ±1 we get that ψ(k) is an integer multiple
of f8(k).
Step 3: Many values of f8(k), ψ(k) are zero.
The dimension of the space of all class functions which are orthogonal to all Deligne-
Lusztig characters of GF has dimension q2+9 since we get 10 linearly independent
such class functions from the unipotent characters and (q2 − 2)/2, (q2 − √2q)/4,
(q2 +
√
2q)/4 such class functions from the Lusztig series of types g2, g8 and g10
respectively. The same argument as in [24, p. 71] shows that ψ(k) vanishes on
all conjugacy classes of GF except for possibly the following tuples of classes:
(c1,3, c1,4), (c1,7, c1,8, c1,9), (c1,10, c1,11, c1,12), (c1,13, c1,14), (c1,15, c1,16, c1,17, c1,18),
(c2,2(i), c2,3(i)), (c5,2, c5,3, c5,4), (c8,2(i), c8,3(i)), (c10,2(i), c10,3(i)). Additionally,
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the argument shows that the values of ψ(k) satisfy the following relations:
ψ(k)(c1,4) = −ψ(k)(c1,3)
ψ(k)(c1,9) = −ψ(k)(c1,8) + ψ(k)(c1,7)
ψ(k)(c1,12) = −2ψ(k)(c1,10)− ψ(k)(c1,11)
ψ(k)(c1,14) = −ψ(k)(c1,13)
ψ(k)(c1,18) = −ψ(k)(c1,15)− ψ(k)(c1,16)− ψ(k)(c1,17)
ψ(k)(c8,3(i)) = −ψ(k)(c8,2(i))
Step 4: Values of the remaining irreducible characters.
We use the formula [12, Proposition 12.2] for Lusztig induction to derive some
information on the non-zero values of ψ(k). (Unfortunately, the formula does not
give us the values of ψ(k) explicitly, since we do not know the two-parameter Green
functions occurring in the right hand side of the formula.)
Firstly, we can conclude that ψ(k) vanishes on the classes c2,2(i), c2,3(i), c5,2,
c5,3, c5,4, c10,2(i), c10,3(i) since the semisimple part of the representatives for these
classes cannot be conjugate to an element of the center Z(LF ). Note that by [28,
p.13], we have LF = Z(LF )× (LF )′. Secondly, we see that
ψ(k)(c8,2(i)) = x8,2ε4(ϕ
′′qik/√2
8 + ϕ
′′−qik/√2
8 + ϕ
′′(q/√2−1)ik
8 + ϕ
′′−(q/√2−1)ik
8 ),
ψ(k)(c8,3(i)) = x8,3ε4(ϕ
′′qik/√2
8 + ϕ
′′−qik/√2
8 + ϕ
′′(q/√2−1)ik
8 + ϕ
′′−(q/√2−1)ik
8 )
for some rational numbers x8,2, x8,3 not depending on i, k. Thirdly, the formula
implies that the values of ψ(k) on the unipotent conjugacy classes are of the form
ψ(k)(c1,r) = ε4x1,r where x1,r are rational integers. Considering the x1,r, x8,r as
indeterminates and using CHEVIE, we can compute the scalar products of ψ(k)
with the unipotent irreducible characters of GF . This gives us ψ(k) and hence
f8(k) up to a rational multiple. From the condition (f8(k), f8(k)) = 2 we get
f8(k) up to a sign, see Table B.11. Note, that the sign of f8(k) only flips the
complex-conjugate irreducible characters χ8,2(k) and χ8,3(k). This gives us the
irreducible characters χ43(k) and χ44(k) and thereby completes the determination
of the irreducible characters of GF in the Lusztig series of type g8. The values of
the irreducible characters χ46(k), . . . , χ49(k) of G
F in the Lusztig series of type g10
can be computed analogously.
Again, for space reasons, we cannot print all values of the irreducible charac-
ters χ42(k), . . . , χ49(k). Therefore, Table B.12 presents only the degrees and those
character values which are used in the verification of Dade’s conjecture.
Remark: We have implemented the completed character table ofGF = 2F 4(q
2) as
a generic character table in CHEVIE. To test the correctness of the table, we have
verified the row and column orthogonality relations. Furthermore, using CHEVIE,
we computed the tensor products of all irreducible characters with the unipotent
characters and computed the scalar products (which have to be nonnegative inte-
gers) of these tensor products with the unipotent characters.
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Table B.1 Description of the generators wr1 , wr2 , wr3 , wr4 of the Weyl group W of
type F4. As automorphisms of the character group X and the cocharacter group Y ,
we describe the generators by their images of the chosen Z-bases of X and Y , re-
spectively. As elements of NG(T)/T, we describe them by giving the torus elements
wrih(z1, z2, z3, z4).
W wri Action of wri Matrix (Row convention)
in Aut(X) wr1 eˆ1 7→ −eˆ1,
eˆ2 7→ eˆ1 + eˆ2,
eˆ3 7→ eˆ3,
eˆ4 7→ eˆ4

−1 0 0 0
1 1 0 0
0 0 1 0
0 0 0 1

wr2 eˆ1 7→ eˆ1 + eˆ2,
eˆ2 7→ −eˆ2,
eˆ3 7→ eˆ2 + eˆ3,
eˆ4 7→ eˆ4

1 1 0 0
0 −1 0 0
0 1 1 0
0 0 0 1

wr3 eˆ1 7→ eˆ1,
eˆ2 7→ eˆ2 + 2eˆ3,
eˆ3 7→ −eˆ3,
eˆ4 7→ eˆ3 + eˆ4

1 0 0 0
0 1 2 0
0 0 −1 0
0 0 1 1

wr4 eˆ1 7→ eˆ1,
eˆ2 7→ eˆ2,
eˆ3 7→ eˆ3 + eˆ4,
eˆ4 7→ −eˆ4

1 0 0 0
0 1 0 0
0 0 1 1
0 0 0 −1

in Aut(Y ) wr1 e1 7→ −e1 + e2,
e2 7→ e2,
e3 7→ e3,
e4 7→ e4

−1 1 0 0
0 1 0 0
0 0 1 0
0 0 0 1

wr2 e1 7→ e1,
e2 7→ e1 − e2 + e3,
e3 7→ e3,
e4 7→ e4

1 0 0 0
1 −1 1 0
0 0 1 0
0 0 0 1

wr3 e1 7→ e1,
e2 7→ e2,
e3 7→ 2e2 − e3 + e4,
e4 7→ e4

1 0 0 0
0 1 0 0
0 2 −1 1
0 0 0 1

wr4 e1 7→ e1,
e2 7→ e2,
e3 7→ e3,
e4 7→ e3 − e4

1 0 0 0
0 1 0 0
0 0 1 0
0 0 1 −1

in NG(T)/T wr1 h(z1, z3, z2, z4)
wr2 h(z1, z2, z4, z3)
wr3 h(z1, z2, z3, z
−1
4 )
wr4 h(z
1
2
1 z
1
2
2 z
1
2
3 z
1
2
4 , z
1
2
1 z
1
2
2 z
− 12
3 z
− 12
4 , z
1
2
1 z
− 12
2 z
1
2
3 z
− 12
4 , z
1
2
1 z
− 12
2 z
− 12
3 z
1
2
4 )
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Table B.2 (cf. [28, Table III]) The F -conjugacy classes of the Weyl group W of
type F4. For each class, we give a representative wi, the order of the F -centralizer
CW,F (wi) and the order of T
Fw−1
i .
Ti wi |CW,F (wi)| |TFi |
T1 1 16 (q
2 − 1)2
T2 wr1 4 q
4 − 1
T3 wr3 8 (q
2 − 1)(q2 −√2q + 1)
T4 wr2wr3wr2 8 (q
2 − 1)(q2 +√2q + 1)
T5 wr1wr2wr1wr3wr2wr1wr3wr2 16 q
4 + 1
T6 wr1wr2wr3wr2wr1wr3 96 (q
2 −√2q + 1)2
T7 wr2wr3wr2wr4wr3wr2wr1wr3wr2 · (q2 +
√
2q + 1)2
wr3wr4wr3wr2wr1wr3wr2wr3wr4 96
T8 wr1wr2wr3wr4wr3wr2wr1wr3wr2 · 48 (q2 + 1)2
wr4wr3wr2
T9 wr2wr3wr2wr1 6 q
4 − q2 + 1
T10 wr1wr2 12 q
4 −√2q3 + q2 −√2q + 1
T11 wr1wr4wr3wr2wr1wr3wr2wr4wr3wr2 12 q
4 +
√
2q3 + q2 +
√
2q + 1
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Table B.3 (cf. Shinoda [28, (3.1)]) Parameters for the elements of the maximal tori
TFi = T
(Fw−1
i
).
Torus T(Fw
−1
i
)
T
F
1 {t1(i, j) := h(ζ˜i, ζ˜(2θ−1)i, ζ˜j , ζ˜(2θ−1)j) | 0 ≤ i, j ≤ q2 − 2}
T
F
2 {t2(i) := h(ζ˜(4θ
3+2θ2+1)i
4 , ζ˜
(2θ+2θ2−1)i
4 , ζ˜
(2θ−2θ2+1)i
4 , ζ˜
(2θ2−4θ3+1)i
4 ) |
0 ≤ i ≤ q4 − 2}
T
F
3 {t3(i) := h(ψ˜′′(2θ
2−2θ+1)i
8 , ψ˜
′′(4θ3−6θ2+4θ−1)i
8 , ψ˜
′′(2θ2−1)i
8 , ψ˜
′′(−4θ4+2θ2)i
8 ) |
0 ≤ i ≤ q4 −√2q3 +√2q − 2}
T
F
4 {t4(i) := h(ψ˜′(2θ
2+2θ+1)i
8 , ψ˜
′(4θ3+2θ2−1)i
8 , ψ˜
′(2θ2−1)i
8 , ψ˜
′(−4θ4+2θ2)i
8 ) |
0 ≤ i ≤ q4 +√2q3 −√2q − 2}
T
F
5 {t5(i, j) := h(ϕ˜′′i8 , ϕ˜′′−q
2i
8 , ϕ˜
′j
8 , ϕ˜
′−q2j
8 ) | 0 ≤ i ≤ q2 −
√
2q, 0 ≤ j ≤ q2 +√2q}
T
F
6 {t6(i, j) := h(ϕ˜′′i8 , ϕ˜′′−q
2i
8 , ϕ˜
′′j
8 , ϕ˜
′′−q2j
8 ) | 0 ≤ i, j ≤ q2 −
√
2q}
T
F
7 {t7(i, j) := h(ϕ˜′i8 , ϕ˜′−q
2i
8 , ϕ˜
′j
8 , ϕ˜
′−q2j
8 ) | 0 ≤ i, j ≤ q2 +
√
2q}
T
F
8 {t8(i, j) := h(ξ˜i2, ξ˜j2, ξ˜θ(i+j)2 , ξ˜θ(i−j)2 ) | 0 ≤ i, j ≤ q2}
T
F
9 {t9(i) := h(ϕ˜i12, ϕ˜(−4θ
3+2θ−1)i
12 , ϕ˜
(1−2θ)i
12 , ϕ˜
(4θ3−4θ2+1)i
12 ) | 0 ≤ i ≤ q4 − q2}
T
F
10 {t10(i) := h(ϕ˜′′i24, ϕ˜′′(q
2−q4)i
24 , ϕ˜
′′(2θ−1)i
24 , ϕ˜
′′(4θ3−1)i
24 ) |
0 ≤ i ≤ q4 −√2q3 + q2 −√2q}
T
F
11 {t11(i) := h(ϕ˜′(q
4−q2)i
24 , ϕ˜
′i
24, ϕ˜
′(2θ+1)i
24 , ϕ˜
′(−4θ3−1)i
24 ) |
0 ≤ i ≤ q4 +√2q3 + q2 +√2q}
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Table B.4 Parameters for the elements of the maximal tori T∗F
∗
i = (X⊗ZQp′/Z)wiF
of the dual group G∗F
∗
. We use the abbreviations φ′24 := q
4 +
√
2q3 + q2 +
√
2q+1
and φ′′24 := q
4 −√2q3 + q2 −√2q + 1.
Torus (X ⊗Z Qp′/Z)wiF
T
∗F∗
1 {s1(k, l) := s
(
(2θ+1)k+(2θ+1)l
q2−1 ,
(4θ+3)k+(2θ+1)l
q2−1 ,
(6θ+4)k+(2θ+2)l
q2−1 ,
(2θ+2)k+(2θ+2)l
q2−1
)
|
0 ≤ k, l ≤ q2 − 2}
T
∗F∗
2 {s2(k) := s
(
2θ4(2θ3+2θ2+θ)k
q4−1 ,
2θ4(4θ3+2θ2+2θ+1)k
q4−1 ,
2θ4(4θ2+2θ+4θ3+2)k
q4−1 ,
2θ4(2θ2+2θ+1)k
q4−1
)
|
0 ≤ k ≤ q4 − 2}
T
∗F∗
3 {s3(k) := s
(
(6θ3−2θ2−θ+2)k
(q2−1)(q2−
√
2q+1)
,
(10θ3−2θ2−2θ+3)k
(q2−1)(q2−
√
2q+1)
,
(16θ3−4θ2−4θ+5)k
(q2−1)(q2−
√
2q+1)
,
(8θ3−2θ2−2θ+3)k
(q2−1)(q2−
√
2q+1)
)
|
0 ≤ k ≤ q4 −√2q3 +√2q − 2}
T
∗F∗
4 {s4(k) := s
(
(2θ3+2θ2+θ)k
(q2−1)(q2+
√
2q+1)
,
(2θ3+4θ2+2θ)k
(q2−1)(q2+
√
2q+1)
,
(4θ2+4θ+1)k
(q2−1)(q2+
√
2q+1)
,
(2θ2+2θ+1)k
(q2−1)(q2+
√
2q+1)
)
|
0 ≤ k ≤ q4 +√2q3 −√2q − 2}
T
∗F∗
5 {s5(k, l) := s
(
−k
q2−
√
2q+1
,
(θ−2)k
q2−
√
2q+1
+
(−θ−1)l
q2+
√
2q+1
,
(2θ−3)k
q2−
√
2q+1
+ −l
q2+
√
2q+1
,
(2θ−2)k
q2−
√
2q+1
)
|
0 ≤ k ≤ q2 −√2q, 0 ≤ l ≤ q2 +√2q}
T
∗F∗
6 {s6(k, l) := s
(
−k
q2−
√
2q+1
, (θ−2)k+(θ−1)l
q2−
√
2q+1
, (2θ−3)k−l
q2−
√
2q+1
, (2θ−2)k
q2−
√
2q+1
)
| 0 ≤ k, l ≤ q2 −√2q}
T
∗F∗
7 {s7(k, l) := s
(
−k
q2+
√
2q+1
, (−θ−2)k+(−θ−1)l
q2+
√
2q+1
, (−2θ−3)k−l
q2+
√
2q+1
, (−2θ−2)k
q2+
√
2q+1
)
| 0 ≤ k, l ≤ q2 +√2q}
T
∗F∗
8 {s8(k, l) := s
(
−2k
q2+1
, (2θ−3)k−l
q2+1
, (2θ−4)k+(2θ−2)l
q2+1
, −2k−2l
q2+1
)
| 0 ≤ k, l ≤ q2}
T
∗F∗
9 {s9(k) := s
(
(2θ3−2θ−1)k
q4−q2+1 ,
(−3θ−2+2θ3)k
q4−q2+1 ,
(−4θ−3+4θ3)k
q4−q2+1 ,
(4θ3+2θ2−2θ−2)k
q4−q2+1
)
|
0 ≤ k ≤ q4 − q2}
T
∗F∗
10 {s10(k) := s
(
(2θ3−1)k
φ′′
24
, (6θ
3−2θ2+θ−2)k
φ′′
24
, (8θ
3−2θ2+2θ−3)k
φ′′
24
, (4θ
3−2θ2+2θ−2)k
φ′′
24
)
|
0 ≤ k ≤ q4 −√2q3 + q2 −√2q}
T
∗F∗
11 {s11(k) := s
(
(−2θ3−2θ2−2θ−1)k
φ′
24
, (−3θ−2θ
2−1)k
φ′
24
, (−4θ−2θ
2−1)k
φ′
24
, (−2θ
2−2θ)k
φ′
24
)
|
0 ≤ k ≤ q4 +√2q3 + q2 +√2q}
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Table B.5 Interpretation of the elements si(k, . . . ) of the tori of the dual group as
linear characters θi(k, . . . ) : T
F
i → Qp′/Z. From those we get complex-valued linear
characters of TFi via the embedding ϕ2 : Qp′ →֒ C×, rs 7→ e2piir/s.
Torus θi(k, . . . ) : T
F
i → Qp′/Z
TˆF1 θ1(k, l) : t1(a, b) 7→ (k+l)a+(k−l)bq2−1
TˆF2 θ2(k) : t2(a) 7→ akq4−1
TˆF3 θ3(k) : t3(a) 7→ ak(q2−1)(q2−√2q+1)
TˆF4 θ4(k) : t4(a) 7→ ak(q2−1)(q2+√2q+1)
TˆF5 θ5(k, l) : t5(a, b) 7→ akq2−√2q+1 + blq2+√2q+1
TˆF6 θ6(k, l) : t6(a, b) 7→ ak+blq2−√2q+1
TˆF7 θ7(k, l) : t7(a, b) 7→ ak+blq2+√2q+1
TˆF8 θ8(k, l) : t8(a, b) 7→ (k+l)a+(k−l)bq2+1
TˆF9 θ9(k) : t9(a) 7→ akq4−q2+1
TˆF10 θ10(k) : t10(a) 7→ akq4−√2q3+q2−√2q+1
TˆF11 θ11(k) : t11(a) 7→ akq4+√2q3+q2+√2q+1
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Table B.6 Parameterization of the semisimple class types of 2F 4(q
2).
No. Dynkin Π w
type
h1
2F 4 [r1, r2, r3, r4] 1
h2
2B2 [r8, r16] 1
h3 A1 [r15, r20] 1
h4 A0 [ ] 1
h5
2A2 if θ ≡ 1 mod 3: wr1
[r8, r9, r10, r18]
if θ ≡ −1 mod 3:
[r6, r11, r12, r16]
h6 A1 [r17, r22] wr1
h7 A0 [ ] wr1
h8
2B2 [r8, r16] wr3
h9 A0 [ ] wr3
h10
2B2 [r8, r16] wr2wr3wr2
h11 A0 [ ] wr2wr3wr2
h12 A0 [ ] wr1wr2wr1wr3wr2wr1wr3wr2
h13 A0 [ ] wr1wr2wr3wr2wr1wr3
h14 A0 [ ] wr2wr3wr2wr4(wr3wr2wr1wr3wr2wr3wr4)
2
h15 A0 [ ] wr1wr2wr3wr4wr3wr2wr1wr3wr2wr4wr3wr2
h16 A0 [ ] wr2wr3wr2wr1
h17 A0 [ ] wr1wr2
h18 A0 [ ] wr1wr4wr3wr2wr1wr3wr2wr4wr3wr2
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Table B.7 (cf. Shinoda [28, Table IV] and [17, Table A.1]) Parameterization of the
semisimple conjugacy classes of 2F4(q
2).
Representative Parameters Number of
Classes
h1 := h(1, 1, 1, 1) 1
h2(i) := h(1, 1, ζ˜
i
2, ζ˜
(2θ−1)i
2 ) i = 0, . . . , q
2 − 2 q2−2
2
i 6= 0
h3(i) := h(ζ˜
i
2, ζ˜
(2θ−1)i
2 , ζ˜
(2θ+1)i
2 , ζ˜
i
2) i = 0, . . . , q
2 − 2 q2−2
2
i 6= 0
h4(i, j) := h(ζ˜
i
2, ζ˜
(2θ−1)i
2 , ζ˜
j
2 , ζ˜
(2θ−1)j
2 ) i = 0, . . . , q
2 − 2; j = 0, . . . , q2 − 2 q4−10q2+16
16
i 6= 0,±j,±(2θ − 1)j
j 6= 0,±i,±(2θ − 1)i
h5 := h(ε˜3, ε˜
1−θ
3 , ε˜
−1−θ
3 , ε˜
−θ
3 ) 1
h6(i) := h(ξ˜
i
2, ξ˜
(1−θ)i
2 , ξ˜
(−1−θ)i
2 , ξ˜
−θi
2 ) i = 0, . . . , q
2 q2−2
2
i 6= 0, q2+1
3
,
2(q2+1)
3
h7(i) := h(ζ˜
(4θ3+2θ2+1)i
4 , ζ˜
(2θ2+2θ−1)i
4 , i = 0, . . . , q
4 − 2 q4−2q2
4
ζ˜
(−2θ2+2θ+1)i
4 , ζ˜
−4θ3+2θ2+1)i
4 ) i 6= (q2 − 1)m, m = 0, . . . , q2
i 6= (q2 + 1)m, m = 0, . . . , q2 − 2
h8(i) := h(1, 1, ϕ˜
′′i
8 , ϕ˜
′′−q2i
8 ) i = 0, . . . , q
2 −
√
2q
q2−
√
2q
4
i 6= 0
h9(i) := h(ψ˜
′′(2θ2−2θ+1)i
8 , ψ˜
′′(4θ3−6θ2+4θ−1)i
8 , i = 0, .., q
4 −√2q3 +√2q − 2 1
8
(q4 −√2q3
ψ˜
′′(2θ2−1)i
8 , ψ˜
′′(−4θ4+2θ2)i
8 ) i 6= (q2 − 1)m, m = 0, .., q2 −
√
2q −2q2 + 2
√
2q)
i 6= (q2 −
√
2q + 1)m, m = 0, .., q2 − 2
h10(i) := h(1, 1, ϕ˜
′i
8 , ϕ˜
′−q2i
8 ) i = 0, . . . , q
2 +
√
2q q
2+
√
2q
4
i 6= 0
h11(i) := h(ψ˜
′(2θ2+2θ+1)i
8 , ψ˜
′(4θ3+2θ2−1)i
8 , i = 0, . . . , q
4 +
√
2q3 −
√
2q − 2 1
8
(q4 +
√
2q3
ψ˜
′(2θ2−1)i
8 , ψ˜
′(−4θ4+2θ2)i
8 ) i 6= (q2 − 1)m, m = 0, .., q2 +
√
2q −2q2 − 2√2q)
i 6= (q2 +√2q + 1)m, m = 0, .., q2 − 2
h12(i, j) := h(ϕ˜
′′i
8 , ϕ˜
′′−q2i
8 , ϕ˜
′j
8 , ϕ˜
′−q2j
8 ) i = 0, .., q
2 −√2q; j = 0, .., q2 +√2q q
2(q2−2)
16
i, j 6= 0
h13(i, j) := h(ϕ˜
′′i
8 , ϕ˜
′′−q2i
8 , ϕ˜
′′j
8 , ϕ˜
′′−q2j
8 ) i = 0, .., q
2 −√2q; j = 0, .., q2 − √2q 1
96
(q4 − 2√2q3
i 6= 0,±j,±q2j −2q2 + 4√2q)
j 6= 0,±i,±q2i
h14(i, j) := h(ϕ˜
′i
8 , ϕ˜
′−q2i
8 , ϕ˜
′j
8 , ϕ˜
′−q2j
8 ) i = 0, .., q
2 +
√
2q; j = 0, .., q2 +
√
2q 1
96
(q4 + 2
√
2q3
i 6= 0,±j,±q2j −2q2 − 4
√
2q)
j 6= 0,±i,±q2i
h15(i, j) := h(ξ˜
i
2, ξ˜
j
2, ξ˜
θ(i+j)
2 , ξ˜
θ(i−j)
2 ) i = 0, . . . , q
2; j = 0, . . . , q2 q
4−10q2+16
48
i 6= 0,±j,±(2θ − 1)j,±(2θ + 1)j
j 6= 0,±i,±(2θ − 1)i,±(2θ + 1)i
i 6= ±(q2 + 1)/3 or j 6= ±(q2 + 1)/3
h16(i) := h(ϕ˜
i
12, ϕ˜
(−4θ3+2θ−1)i
12 , ϕ˜
(1−2θ)i
12 , i = 0, . . . , q
4 − q2 q4−q2−2
6
ϕ˜
(4θ3−4θ2+1)i
12 ) i 6= 0,±(q4 − q2 + 1)/3
h17(i) := h(ϕ˜
′′i
24 , ϕ˜
′′(q2−q4)i
24 , ϕ˜
′′(2θ−1)i
24 , i = 0, . . . , q
4 −√2q3 + q2 −√2q 1
12
(q4 −√2q3
ϕ˜
′′(4θ3−1)i
24 ) i 6= 0 +q2 −
√
2q)
h18(i) := h(ϕ˜
′(q4−q2)i
24 , ϕ˜
′i
24, ϕ˜
′(2θ+1)i
24 , i = 0, . . . , q
4 +
√
2q3 + q2 +
√
2q 1
12
(q4 +
√
2q3
ϕ˜
′(−4θ3−1)i
24 ) i 6= 0 +q2 +
√
2q)
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Table B.8 (K. Shinoda [28, Tables II, V] and [17, Table A.2]) The conjugacy classes
of 2F4(q
2).
Notation Representative |C2F4(q2)|
c1,0 1 q
24(q12 + 1)(q8 − 1)(q6 + 1)(q2 − 1)
c1,1 α12(1) q
24(q4 + 1)(q2 − 1)
c1,2 α10(1) q
20(q4 − 1)
c1,3 α5(1)α12(1) 2q
14(q4 + 1)(q2 − 1)
c1,4 α5(1) 2q
14(q4 + 1)(q2 − 1)
c1,5 α7(1)α8(1) q
16
c1,6 α5(1)α7(1) q
14
c1,7 α5(1)α6(1) 6q
12
c1,8 α5(1)α6(1)α8(1) 2q
12
c1,9 α2(1)α6(ζ)α8(1) 3q
12
c1,10 α2(1)α4(1) 2q
8
c1,11 α2(1)α4(1)α5(1) 4q
8
c1,12 α2(1)α4(1)α5(1)α8(1) 4q
8
c1,13 α2(1)α3(1) 2q
6
c1,14 α2(1)α3(1)α5(1) 2q
6
c1,15 α1(1)α3(1) 4q
4
c1,16 α1(1)α2(1)α3(1) 4q
4
c1,17 α1(1)α3(1)α5(1) 4q
4
c1,18 α1(1)α2(1)α3(1)α5(1) 4q
4
c2,0(i) h2(i) q
4(q4 + 1)(q2 − 1)2
c2,1(i) h2(i)α12(1) q
4(q2 − 1)
c2,2(i) h2(i)α5(1) 2q
2(q2 − 1)
c2,3(i) h2(i)α5(1)α12(1) 2q
2(q2 − 1)
c3,0(i) h3(i) q
2(q2 + 1)(q2 − 1)2
c3,1(i) h3(i)α9(1) q
2(q2 − 1)
c4,0(i, j) h4(i, j) (q
2 − 1)2
c5,0 h5 q
6(q6 + 1)(q4 − 1)
c5,1 h5x17(1)x22(1) q
6(q2 + 1)
c5,2 h5x 3q
4
c5,3 h5x
′ 3q4
c5,4 h5x
′′ 3q4
c6,0(i) h6(i) q
2(q4 − 1)(q2 + 1)
c6,1(i) h6(i)x17(1)x22(1) q
2(q2 + 1)
c7,0(i) h7(i) q
4 − 1
c8,0(i) h8(i) q
4(q2 −√2q + 1)(q4 + 1)(q2 − 1)
c8,1(i) h8(i)x21(1)x24(1) q
4(q2 −√2q + 1)
c8,2(i) h8(i)x8(1)x16(1)x21(1) 2q
2(q2 −√2q + 1)
c8,3(i) h8(i)x8(1)x16(1)x24(1) 2q
2(q2 −√2q + 1)
c9,0(i) h9(i) (q
2 −√2q + 1)(q2 − 1)
c10,0(i) h10(i) q
4(q2 +
√
2q + 1)(q4 + 1)(q2 − 1)
c10,1(i) h10(i)x21(1)x24(1) q
4(q2 +
√
2q + 1)
c10,2(i) h10(i)x8(1)x16(1)x21(1) 2q
2(q2 +
√
2q + 1)
c10,3(i) h10(i)x8(1)x16(1)x24(1) 2q
2(q2 +
√
2q + 1)
c11,0(i) h11(i) (q
2 +
√
2q + 1)(q2 − 1)
c12,0(i, j) h12(i, j) q
4 + 1
c13,0(i, j) h13(i, j) (q
2 −√2q + 1)2
c14,0(i, j) h14(i, j) (q
2 +
√
2q + 1)2
c15,0(i, j) h15(i, j) (q
2 + 1)2
c16,0(i) h16(i) q
4 − q2 + 1
c17,0(i) h17(i) q
4 −√2q3 + q2 −√2q + 1
c18,0(i) h18(i) q
4 +
√
2q3 + q2 +
√
2q + 1
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Table B.9 Parameterization of the types of Lusztig series of 2F 4(q
2).
No. Dynkin Π w
type
g1
2F 4 [r
∨
1 , r
∨
2 , r
∨
3 , r
∨
4 ] 1
g2
2B2 [r
∨
8 , r
∨
16] 1
g3 A1 [r
∨
15, r
∨
20] 1
g4 A0 [ ] 1
g5
2A2 if θ ≡ 1 mod 3: wr1
[r∨6 , r
∨
11, r
∨
12, r
∨
16]
if θ ≡ −1 mod 3:
[r∨8 , r
∨
9 , r
∨
10, r
∨
18]
g6 A1 [r
∨
17, r
∨
22] wr1
g7 A0 [ ] wr1
g8
2B2 [r
∨
8 , r
∨
16] wr1wr2wr1wr3wr2wr1wr3wr2
g9 A0 [ ] wr3
g10
2B2 [r
∨
8 , r
∨
16] wr1wr2wr1wr3wr2wr1wr3wr2
g11 A0 [ ] wr2wr3wr2
g12 A0 [ ] wr1wr2wr1wr3wr2wr1wr3wr2
g13 A0 [ ] wr1wr2wr3wr2wr1wr3
g14 A0 [ ] wr2wr3wr2wr4(wr3wr2wr1wr3wr2wr3wr4)
2
g15 A0 [ ] wr1wr2wr3wr4wr3wr2wr1wr3wr2wr4wr3wr2
g16 A0 [ ] wr2wr3wr2wr1
g17 A0 [ ] wr1wr2
g18 A0 [ ] wr1wr4wr3wr2wr1wr3wr2wr4wr3wr2
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Table B.10 Representatives for the semisimple conjugacy classes of G∗F
∗
.
Representative Parameters Number of
Classes
g1 := s(0, 0, 0, 0) 1
g2(k) := s
(
0,
(2θ+2)k
q2−1 ,
(4θ+2)k
q2−1 , 0
)
k = 0, . . . , q2 − 2 q2−2
2
k 6= 0
g3(k) := s
(
2θk
q2−1 ,
(4θ+2)k
q2−1 ,
(4θ+4)k
q2−1 ,
2k
q2−1 ,
)
k = 0, . . . , q2 − 2 q2−2
2
k 6= 0
g4(k, l) := s1(k, l) k = 0, . . . , q
2 − 2; l = 0, . . . , q2 − 2 q4−10q2+16
16
k 6= 0,±l,±(2θ − 1)l
l 6= 0,±k,±(2θ − 1)k
g5 := s
(
1
3
, 0, 0, θ
3
)
1
g6(k) := s
(
θ2k
q2+1
, 0, 0, θk
q2+1
)
k = 0, . . . , q2
q2−2
2
k 6= 0, q2+1
3
,
2(q2+1)
3
g7(k) := s2(k) k = 0, . . . , q
4 − 2 q4−2q2
4
k 6= (q2 − 1)m, m = 0, . . . , q2
k 6= (q2 + 1)m, m = 0, . . . , q2 − 2
g8(k) := s
(
0,
(θ−1)k
q2−
√
2q+1
, −k
q2−
√
2q+1
, 0
)
k = 0, . . . , q2 −√2q q2−
√
2q
4
k 6= 0
g9(k) := s3(k) k = 0, .., q
4 −
√
2q3 +
√
2q − 2 1
8
(q4 −
√
2q3
k 6= (q2 − 1)m, m = 0, .., q2 −√2q −2q2 + 2√2q)
k 6= (q2 − √2q + 1)m, m = 0, .., q2 − 2
g10(k) := s
(
0,
(−θ−1)k
q2+
√
2q+1
, −k
q2+
√
2q+1
, 0
)
k = 0, . . . , q2 +
√
2q
q2+
√
2q
4
k 6= 0
g11(k) := s4(k) k = 0, . . . , q
4 +
√
2q3 −√2q − 2 1
8
(q4 +
√
2q3
k 6= (q2 − 1)m, m = 0, .., q2 +√2q −2q2 − 2√2q)
k 6= (q2 +√2q + 1)m, m = 0, .., q2 − 2
g12(k, l) := s5(k) k = 0, .., q
2 −
√
2q; l = 0, .., q2 +
√
2q
q2(q2−2)
16
k, l 6= 0
g13(k, l) := s6(k, l) k = 0, .., q
2 −√2q; b = l, .., q2 −√2q 1
96
(q4 − 2√2q3
k 6= 0,±l,±q2l −2q2 + 4√2q)
l 6= 0,±k,±q2k
g14(k, l) := s7(k, l) k = 0, .., q
2 +
√
2q; l = 0, .., q2 +
√
2q 1
96
(q4 + 2
√
2q3
k 6= 0,±l,±q2l −2q2 − 4
√
2q)
l 6= 0,±k,±q2k
g15(k, l) := s8(k, l) k = 0, . . . , q
2; l = 0, . . . , q2 q
4−10q2+16
48
k 6= 0,±l,±(2θ − 1)l,±(2θ + 1)l
l 6= 0,±k,±(2θ − 1)k,±(2θ + 1)k
k 6= ±(q2 + 1)/3 or l 6= ±(q2 + 1)/3
g16(k) := s9(k) k = 0, . . . , q
4 − q2 q4−q2−2
6
k 6= 0,±(q4 − q2 + 1)/3
g17(k) := s10(k) k = 0, . . . , q
4 −√2q3 + q2 −√2q 1
12
(q4 − √2q3
k 6= 0 +q2 −√2q)
g18(k) := s11(k) k = 0, . . . , q
4 +
√
2q3 + q2 +
√
2q 1
12
(q4 +
√
2q3
k 6= 0 +q2 +√2q)
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Table B.11 Values of the class functions ±f8(k) and ±f10(k) in the Lusztig series
of types g8, g10. All values not listed here are zero.
c1,3 c1,4
f8(k)
√
2q5ε4(q
2 +
√
2q + 1)(q2 − 1) −√2q5ε4(q2 +
√
2q + 1)(q2 − 1)
f10(k)
√
2q5ε4(q
2 −√2q + 1)(q2 − 1) −√2q5ε4(q2 −
√
2q + 1)(q2 − 1)
c1,11 c1,12
f8(k) −
√
2q2ε4(2q +
√
2)
√
2q2ε4(2q +
√
2)
f10(k)
√
2q2ε4(2q −
√
2) −√2q2ε4(2q −
√
2)
c1,15 c1,16 c1,17 c1,18
f8(k) −
√
2qε4
√
2qε4 −
√
2qε4
√
2qε4
f10(k) −
√
2qε4
√
2qε4 −
√
2qε4
√
2qε4
c8,2(i)
f8(k)
√
2qε4(ϕ
′′qik/
√
2
8 + ϕ
′′−qik/
√
2
8 + ϕ
′′(q/
√
2−1)ik
8 + ϕ
′′−(q/
√
2−1)ik
8 )
f10(k) 0
c8,3(i)
f8(k) −
√
2qε4(ϕ
′′qik/√2
8 + ϕ
′′−qik/√2
8 + ϕ
′′(q/√2−1)ik
8 + ϕ
′′−(q/√2−1)ik
8 )
f10(k) 0
c10,2(i)
f8(k) 0
f10(k)
√
2qε4(ϕ
′qik/√2
8 + ϕ
′−qik/√2
8 + ϕ
′(q/√2+1)ik
8 + ϕ
′−(q/√2+1)ik
8 )
c10,3(i)
f8(k) 0
f10(k) −
√
2qε4(ϕ
′qik/√2
8 + ϕ
′−qik/√2
8 + ϕ
′(q/√2+1)ik
8 + ϕ
′−(q/√2+1)ik
8 )
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Table B.12 Values of the irreducible characters Gχ42(k), . . . , Gχ49(k) of the group
G := 2F 4(q
2) on some conjugacy classes.
c1,0
Gχ42(k) (q − 1)(q + 1)(q2 + 1)2(q4 − q2 + 1)(q8 − q4 + 1)(q2 +
√
2q + 1)
Gχ43(k)
q√
2
(q − 1)2(q + 1)2(q2 + 1)2(q4 − q2 + 1)(q8 − q4 + 1)(q2 +√2q + 1)
Gχ44(k)
q√
2
(q − 1)2(q + 1)2(q2 + 1)2(q4 − q2 + 1)(q8 − q4 + 1)(q2 +√2q + 1)
Gχ45(k) q
4(q − 1)(q + 1)(q2 + 1)2(q4 − q2 + 1)(q8 − q4 + 1)(q2 +√2q + 1)
Gχ46(k) (q − 1)(q + 1)(q2 + 1)2(q4 − q2 + 1)(q8 − q4 + 1)(q2 −
√
2q + 1)
Gχ47(k)
q√
2
(q − 1)2(q + 1)2(q2 + 1)2(q4 − q2 + 1)(q8 − q4 + 1)(q2 −√2q + 1)
Gχ48(k)
q√
2
(q − 1)2(q + 1)2(q2 + 1)2(q4 − q2 + 1)(q8 − q4 + 1)(q2 −√2q + 1)
Gχ49(k) q
4(q − 1)(q + 1)(q2 + 1)2(q4 − q2 + 1)(q8 − q4 + 1)(q2 −√2q + 1)
c1,11
Gχ42(k) −(q2 +
√
2q + 1)
Gχ43(k) q
2 + 12
√
2q − ε4
√
2q3 − ε4q2
Gχ44(k) q
2 + 12
√
2q + ε4
√
2q3 + q2ε4
Gχ45(k) 0
Gχ46(k) −(q2 −
√
2q + 1)
Gχ47(k) −q2 + 12
√
2q + ε4
√
2q3 − ε4q2
Gχ48(k) −q2 + 12
√
2q − ε4
√
2q3 + q2ε4
Gχ49(k) 0
c8,2(i)
Gχ42(k)
−ϕ′′ 12 iq
√
2k−ik
8 − ϕ′′
√
2qik−ik
8 − ϕ′′−
√
2qik+ik
8 − ϕ′′−
1
2 iq
√
2k+ik
8
−ϕ′′ 12 iq
√
2k
8 − ϕ′′−
1
2 iq
√
2k
8 − ϕ′′−ik8 − ϕ′′ik8 − 1
Gχ43(k)
1
2q
√
2ε4ϕ
′′ 12 iq
√
2k
8 +
1
2q
√
2ε4ϕ
′′− 12 iq
√
2k+ik
8
+ 12q
√
2ε4ϕ
′′ 12 iq
√
2k−ik
8 +
1
2q
√
2ε4ϕ
′′− 12 iq
√
2k
8
+ϕ
′′ 12 iq
√
2k−ik
8 + ϕ
′′− 12 iq
√
2k+ik
8 + ϕ
′′ 12 iq
√
2k
8 + ϕ
′′− 12 iq
√
2k
8 + 1
Gχ44(k)
− 12q
√
2ε4ϕ
′′ 12 iq
√
2k
8 − 12q
√
2ε4ϕ
′′− 12 iq
√
2k+ik
8
− 12q
√
2ε4ϕ
′′ 12 iq
√
2k−ik
8 − 12q
√
2ε4ϕ
′′− 12 iq
√
2k
8 + ϕ
′′ 12 iq
√
2k−ik
8
+ϕ
′′− 12 iq
√
2k+ik
8 + ϕ
′′ 12 iq
√
2k
8 + ϕ
′′− 12 iq
√
2k
8 + 1
Gχ45(k) 1 + ϕ
′′ 12 iq
√
2k−ik
8 + ϕ
′′− 12 iq
√
2k+ik
8 + ϕ
′′ 12 iq
√
2k
8 + ϕ
′′− 12 iq
√
2k
8
Gχ46(k) −1
Gχ47(k) 1
Gχ48(k) 1
Gχ49(k) 1
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Table B.12 (cont.)
c10,2(i)
Gχ42(k) −1
Gχ43(k) −1
Gχ44(k) −1
Gχ45(k) 1
Gχ46(k)
−ϕ′−
√
2qik−ik
8 − ϕ′−
1
2 iq
√
2k−ik
8 − ϕ′
1
2 iq
√
2k+ik
8 − ϕ′
√
2qik+ik
8
−ϕ′ 12 iq
√
2k
8 − ϕ′−
1
2 iq
√
2k
8 − ϕ′−ik8 − ϕ′ik8 − 1
Gχ47(k)
1
2q
√
2ε4ϕ
′ 12 iq
√
2k
8 +
1
2q
√
2ε4ϕ
′− 12 iq
√
2k−ik
8
+ 12q
√
2ε4ϕ
′− 12 iq
√
2k
8 +
1
2q
√
2ε4ϕ
′ 12 iq
√
2k+ik
8 − ϕ′−
1
2 iq
√
2k−ik
8
−ϕ′ 12 iq
√
2k+ik
8 − ϕ′−
1
2 iq
√
2k
8 − ϕ′
1
2 iq
√
2k
8 − 1
Gχ48(k)
− 12q
√
2ε4ϕ
′ 12 iq
√
2k
8 − 12q
√
2ε4ϕ
′− 12 iq
√
2k−ik
8
− 12q
√
2ε4ϕ
′− 12 iq
√
2k
8 − 12q
√
2ε4ϕ
′ 12 iq
√
2k+ik
8 − ϕ′−
1
2 iq
√
2k−ik
8
−ϕ′ 12 iq
√
2k+ik
8 − ϕ′−
1
2 iq
√
2k
8 − ϕ′
1
2 iq
√
2k
8 − 1
Gχ49(k) 1 + ϕ
′ 12 iq
√
2k
8 + ϕ
′− 12 iq
√
2k−ik
8 + ϕ
′− 12 iq
√
2k
8 + ϕ
′ 12 iq
√
2k+ik
8
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